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(i) 
Foreword 

The Mathematical Association began life in 1871 as the 
Association for the Improvement of Geometrical Teaching, 
was therefore highly appropriate that Professor Sir Christopher 
Zeeman, FRS, should choose three-dimensional geometry ag 
the basis of his Presidential Address given in April 2004 at the 
end of his year as MA President. The text which follows ig g 
greatly expanded version of that Address. 


Much could be said about the teaching of geometry jp 
schools nowadays, The amount of geometry currently taught in 
mainstream curricula is a small fraction of what was done in 
the past. For many pupils, Euclidean geometry provided a 
vehicle for developing the principles of proof and logic, as wel] 
as containing results of great beauty typified by the geometry of 
the triangle. The demise of geometry in schools is to be 
regretted and could arguably be regarded as the main cause of 
the deterioration in reasoning skills among mathematics 
undergraduates. 


Sir Christopher is without doubt one of the greatest 
geometers and topologists of his time. The material in his text 
does not conform to any school curriculum. Rather it is an 
eclectic mix of topics in three-dimensional geometry which he 
hopes will prove fascinating and stimulating to abler students in 
the later stages of secondary education. There is a veritable 
cornucopia of topics that will provide enrichment either 
through private study by the reader or by its use in connection 


with Maths clubs, masterclasses and similar activities. Students | 
and teachers at the tertiary level will also find much to interest 


them. 


Sir Christopher has produced a text which is destined to 
become a valuable resource. It is to be hoped that it will help to 
bring about a renaissance in the teaching of geometry in 
schools in the first half of the 21’ century, just as the founders 
of the Association for the Improvement of Geometrical 
Teaching wished to achieve in 1871. 


Adam McBride 


MA President 2004-2005 ~ 


Three-dimensional theorems for schools 


Introduction 

Geometry is gradually coming back into the school syllabus [17], but so 
far only 2-dimensional geometry, I would like to make a case for including 
some 3-dimensional geometry as well, because the latter is vital for 
describing the world throughout science, engineering and architecture, 
Higher-dimensional geometry also comprises a major part of modern 
research within mathematics itself, Also 3-dimensional geometry fosters 
both our intuitive understanding and our geometric imagination, It teaches 
us to see things in the round. It also trains us to see all sides of an argument 
simultaneously, as opposed to algebra and computing which emphasise 
thinking sequentially. 

I give here some examples of 3-dimensional theorems that are suitable 
for teaching in schools. The statements of all the theorems are geometrical, 
but the proofs are drawn from a variety of branches of mathematics. In 
choosing the theorems I have used the following criteria: 


* surprising (at first sight) 

* intriguing (at second sight) 

* essentially 3-dimensional 

+ noble (capturing the quintessence of some branch of geometry) 
* admitting of an elegant short rigorous proof. 


The theorems will be grouped under the following topics: 


1. Spherical triangles 9, Conics 

2. Angles in a tetrahedron 10. Inversion 

3. Concurrencies in a tetrahedron 11, Cross-ratios 

4. Perspective 12. Rings of spheres : 

5. Desargues' theorem 13. Areas of spheres and volumes 
6. Regular polyhedra of ballawus eaege Pa ae 

7. Rotation groups 14. Map projections 

8, Tessellations and sphere- 15. Knotting — UP 

packings 16. Linking. re Si wig: 

Most of the topics are independent of one another, and can be read 


separately. re a 


school. To help the reader, and in the spirit of the Associati it 
Improvement of Geometrical Teaching (the original name of 
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Mathematic 
Appendix 1, tog 
eet [ use the symbol 


ether with their solutions in Appendix 2. At the 
C to indicate that the proof is complete, 


Is 
Acknowledgemen i ; 
| would like to thank all the many mathematicians with w 


8. With regard to thi 
eometry over the years g 5 pul 
ead st Gerry Leversha and his team for their editorial 


| improve 
suggesting several | 
typesetting and drawing all the diagrams. 


‘otation ; 
33 Let ? and i? denote the plane and 3-dimensional space, 


Assumptions ( stated without proof); 


; ‘ 
Intersections in it . 
(i) Two planes meet in a line (unless they are parallel), 


(i) A line meets 4 plane in a point (unless it is parallel to, or gop 
in, the plane). 


(iii) Three planes meet ina point (unless two are parallel, or the line of _ 


intersection of two is parallel to, or contained in, the third), 


‘Two lines in i! . 
(i) ‘Two lines are contained in a plane if and only if they meet 


parallel. 
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al Association), I have also included several ¢. a 
end of ¢ ‘ 


hom I ha 


ments and Bill Richardson for hig tole 


= 
faAined 
a, 


Of 


: 


(ii) If two lines are not contained in a plane they are called ske 


which case they neither meet nor are parallel, 


Definitions of perpendicular (written L) in ie! 
(i) ‘Two lines which intersect are .L if they are at right angles, 
(ii) ‘Two skew lines are . if a tine parallel to one and meeting: 


is L to it, wid 


(iil) A line is . to a plane if it is . to two non-parallel tines in th 


plane, and consequently to every line in the plane, 
(iv) Two planes are L if there is a line in One .L to the other, 
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1. Spherical Triangles 


The theorem about the sum of the 3 angles of a triangle being equal to 
180° can be generalised to spherical triangles, and then used to give the sum 
of the 4 solid angles of a tetrahedron. 


Definitions: A great circle on a sphere is the intersection 
of the sphere with a plane through its centre. 

A spherical triangle consists of 3 arcs of 3 great circles. 
Let A®, B°, C° be the angles at the vertices (or more 
precisely between the tangents to the ares at each vertex). 
Let S§ be the surface area of the sphere and 7 the area of 
the triangle. 


Theorem 1: (A. Girard, 1629) A+ B+ C « 180(1 + 4%). 


Example 1: The triangle shown has 3 right-angles. 


Meanwhile 7 occupies a quarter of the northern 
hemisphere and so 7/5 « 1/8, Therefore 


i80(1 + 4) = 180 x 5 = 210 = A+ BHC, 


Example 2: Uf T gets smaller and smaller compared with § (like a small 
triangle on the surface of the Barth) then the sum of the angles tends to 180°, 


To prove the theorem we need the following lemma, 


Definition; Define the A-lune to be the region between the 2 great circles 
through A, and let a denote its area, i ers let 8, y denote the areas of 


the A-lune, C-lune, 


Lemma, a/S = A/180, 

Proof Looking down on § from above A 
Sale i 
S - 360 180° 


Proof of Theorem 1; The 3 lunes cover the whole sphere, but cover the 
triangle 3 times, which is 2 times too many, and the same with the antipodal 
triangle, Therefore tien 
atBpPr+y = S$ aT, 
Therefore by the lemma 
A+ B+ C oa a+Bpry mo 1l+4 T 
180 s s 
Multiplying by 180 gives the theorem, © 
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2. Angles of a tetrahedron 


Let A = ABCD be a 
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(iii) 3 angle bisectors meet at the incentre. 


(iv) 3 altitudes meet at the orthocentre. : 


Let A = ABCD be a tetrahedron. 


Definition: 
tetrahedron. 


Define the solid angle at A to be the ratio 4 


i f a small 
/§, where S is the area fs) 
nee centre A, and T is the area of the 
spherical triangle cut off by 4. 


nition: Given an edge AB define the 
to be the ratio a/c, where c 1s 
ference of a small circle 
centred on AB in a_ plane 1 AB, and a is 
the length of the arc cut off by A. The 
measures the angle between 


Defi 
edge angle 
the circum 
Cc 


edge angle | 

he ees ABC and ABD in units Sock at eae 360°, Definition: A median of A is the join of a vertex to the centroid of the 
me opposite face. 

Theorem 2: Ina tetrahedron a 


(sum of the 4 solid angles) = (sum of the 6 edge angles) — | a Theorem 3.1: The 4 medians meet at the centre of mass G. 


Proof: Let S be the area of a small sphere centre A, and let T be Proof. Let a,b,c,d be coordinate vectors of 


the “in A 
the triangle cut off by A. Letk = T/S. By Theorem 1 ~~ "| A,B,C, D. Then e = }(b +c +d) is the centroid E of 
(sum of the 3 edge angles of AB, AC, AD) = 4(1 + 4k) BCD. Let G be the point g = }(a+b+c+d). Then 
: G lies on the median AE because g = ja + je. B D 
G 


Summing over the 4 vertices counts each edge twice and so Similarly G lies on all 4amecuame 
2(sum of the 6 edge angles) = $(4 + 4(sum of the 4 solid angles)) 5 To verify that G is the centre of mass of A, note 
Therefore : that the line containing BE divides triangle BCD into 
Bal f : ' two subtriangles of equal area. Therefore the plane 
(sum of the 6 edge angles) = 1 + (sum of the 4 solid angles) ' containing ABE divides A into two subtetrahedra of equal volume. Therefore 


the centre of mass lies in this plane, and similarly in the plane containing 
ACE, and hence on AE. Similarly the centre of mass lies on all the medians, 


i ncies in a tetrahedron 
3. Concurrenci and hence is G. O 


We shall generalise to 3 dimensions the following familiar a 
dimensional results about concurrencies in a triangle. i 


A 
(i) 3 medians meet at the centroid. ) through the midpoint of, and 1 to, AB. It is the 
set of points equidistant from A and B. 
LF 4 : 
Li A 


Definition: The edge bisector of AB is the plane 


Theorem 3.2: The 6 edge bisectors all meet at 


ae the circumcentre. 
eh eereeet : E. Proof: Let S be the int i 
(ii) 3 side bisectors meet at the circumcentre. 4 ate of AB, ne eee ve bigs if aN D 
\ = SC = SD. Therefore S$ lies on all 6 edge pew Wh 
’ 4 \ bisectors, and the sphere, centre S and radius SA, 
Am ee goes through all the vertices. 0 Cc 
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oo & c dg deaow he + ees of & = ABCD 
The eave anigie Ssector of st 8 the 
- ee SS = : 

> dhe ugh CD msecting de angie between the 


ie ‘ 3 "4 <] a ae - 
: Ir is che set of gomts equidistant from @ 


> The 6 edge angie bisectors ail meet ar 


i be the intersection of the edge angie 
> be. cd. Then / is equidistant from al] 4 
is the centre of the sphere touching all 4 


The altinade of A through A is the lime 


Theorem: 3.4: In general the 4 altitudes do not meet. 
Proof kk suffices to give a counterexample. 
Consider Dehn’s tetrahedron ABCD inscribed in a 
cube as shown (Max Dehn, 1900). See Question 
2.3. The altitudes through A, D are AB, CD which do 
not meet. 


Theorem 3.5: The altitudes of A meet & the opposite edges of A are Ll. kz. 


Proof: 
=> Suppose the 4 altitudes of A meet at H. 
Then AH 1 BCD. 
AH 1 CD. 
Also BH 1 ACD. 
BH 1 CD. 
ABH 1 CD. 
“~  ABLCD. 
Similarly all pairs of opposite edges of A are LL. 
Conversely suppose the opposite edges of 
A are L. 
Let AE be the altitude of A through A. 
Let BE meet CD in X, 
Let BF be the altitude through B of the g 
triangle ABX, 
Now AE 1 BCD, since it is an altitude of A, 
AE 1 CD. 


But AB . CD. given. 
ABE 1 CD. 
BF iL CD. 
But BF 1 AX. since it is an altigude of AB. 
x BF 1 ACD. 
_. BF is the altitude of A through &. 
-. The 2 altieades. AE and BF of A meet. 
~ All 4 altitudes of A meet pairwise. But ao 3 are coplanar. 
~. All 4 are concurrent. 0 


4. Perspective : “ 
The rules of perspective show how to paint a 2-dimensional picture 
work. The rules were evidently known in classical times [7], 
forgotten. They were rediscovered in about 1420 during the Renaissance by 
the architect and artist Filippo Brunelleschi (1377-1446), and were 
published [1] in 1435 by his friend and fellow architect Leon — 
Alberti (1404-1472). The first rule is that parallel lines in space should 
drawn as lines in the picture that converge towards a vanishing point. The 
rule is illustrated in the following sketch by Jean-Pierre Sharp of the 
painting of the Annunciation by Domenico Veneziano in 1446, and now in 
the Fitzwilliam Museum in Cambridge. 


J) 
c 


Ss 


Brunelleschi did not know how to prove this rule mathematically, as in 
Theorem 4.1 below, because the relevant mathematics Was not discovered 
until some 200 years later, so he proved it scientifically by a cunning 
experiment, showing that it worked visually, (See [19].) 


Bras 
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Definiti 

on: Let Pad 

J , y : 

. barbs to think of 7s : 

be the eye, and Aa point in 
Spa 


Definition: Gi 
> Given as 
point of S to be the sant ; 


term 


the ‘centre poi 

point’. T i 

tease Spear ee introduced the te: 

aie then V is whe b 

Maven. 

me pete Was invented by J 

vanishing point ae Fics eee nye 
not involve infini 

nity, 


Theorem 4.1: 


through V All the images of § 
: > When extended, 
g0 


Proof: Kt suffi 
: ices to 
sea eran  Peawe:tnit oneams 
t AB 7 
point te one of the lines of S. The vani 
pierces oF where the parallel line — shing 
determine a e © two parallel lines one ES 
FiO ail - eat plane Q. The two 1 au 
in a line L. - two planes 
an QO and hence on L. Now V lies in both P 
so A’ lies in b 
the same i oth, and hence on 
eee is true of B’. Therefore A’ L, and Rat 


Ze goes through ee 


Drawing a cub 
f : A cube 
drawing AN ORE BARS has 3 sets of 
will haveSivanicht 4 parallel ed 
_ shing points X, Y, Z. me 


Z 


EY, EZ are y “D by the definition of oats i , 
parallel to the edges of the cube. ahd hee : 
> eac e 


_ all the spheres, W 
_ spheres meet ina 
_ symmetry 
_ in front of the picture, 
' But to see the 
_ one observation point a 


; Ambiguous pictures 
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PHREE:DIMENSIONA® +HEOREMS F 
int if FX, F FZ are 
Definition: Define 4@ point F to be an observation pol! if FX, F ¥; 
to each other, For instance & is an observation point. 
ctly one observation point. 
point. We shall prove 


Theorem 4.2; There is exa 
: Let E be the eye, 4 

= F, But first we nee 
If FX LFY then F 


nd F another observation 


da lemma. 


lies on the circle with 


Lemma: 
diameter “7 - 
Proof: Complete th 
diagonals i 

centre O and radius 
Corollary: F lies 0 
Proof: Spin the circ 


Proof of the Theorem: By 

spheres diameters XY, YZ, ZX. 
hich guarantees 

circle. This circ 


(of reflection in the plane 0 
and the other is its mirror imag 


eds to be in front of it. There 
= Eel 


metry the 
with 


e rectangle. By sym! 
The circle 


uired circle. O 
th diameter XY. 


le about the diameter X ys) 


F lies on the 3 
le E also lies on 
et. The first 2 
ird sphere in 


Gc ( 


2 points. By 
e of these points lies 


the Corollary, 
Meanwhi 


picture one ne 
nd so F 


The above diagram has 4 different geometrical 
(i) It is a tessellation of the plane b : Bs 
parallelogram with equal sides.) ¥ rhombi, (A rhomp 


(ii) It is the view of the top of a layer = 
(see Theorem 8.3 below Yer OF the bactons boy's tesgatta. 
(iii) It is a perspective drawing of a pile of cubes piled ‘“ ie 
(iv) It is a perspective drawing of a pile of cubes pil t0 the ri 
Cd UD to the Je 
We draw attention to the last two. Th be 
locked on one of these two perceptions, A irter ” ube, 
question arises how to overcome this block and pet hie. is 
solution lies in manipulating the focus of attenti a 
attention locally on the neighbourhood of the dot nti fo 
out everything else to the periphery. For the pile to th middi 
like the corner of a room, whereas for the pile to the te 
corner of a cube. Choose the local interpretation of th ae 
desired perception and then relax. Lo and behald dot re 
perception will flood into the mind, Focus attention ” “AO 
interpretation and then the other global perception wil] foot on 
The same technique can be used for any ambiguous picture: 
upon any detail that is important for the desired interpret bin. 
global perception will flood into the mind. (See [20}.) On, relax, 
This dialogue between focus of attention and global he 
visual skill that evolved in animals quite early on a 
evolutionary advantage for the catching of prey and the ae 
predators. The human species inherited this facility, and w AU 
for thinking and conversation. If we want to think about a 
focus attention upon some relevant detail, confident that the 
then flood into the mind. In conversation we draw the listep : 
some detail with the confident expectation that the whole tc 
flood into his or her mind. - 


LG 


5. Desargues' Theorem 


Girard Desargues was one of the founders of projecti 
which was originally inspired by the perspective of the rena 
(see the last section). us 


Definition: Two triangles are in point perspective if 
corresponding vertices are concurrent. Two triangles are in 
if the intersections of corresponding edges are collinear, 


om 


Theorem 5: Two triangles are in point perspective if and one 
line perspective. me: 
Remark: Surprisingly it is easier to prove this theorem in three 
than in two dimensions. Therefore we shall give the 3-dimensional pro 


i 
iMS F , LS 
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; ¥ ations -- a 
das i the _dimensional proof as exercises m Que n 
here, an assign 2 4 


5.2. 

Proof. Suppose t 
rspective from 
Pcersection of the p 
VZZ XX, VXXYY,a 


T = XYZ and = XYZ are in point 
lie in a plane. 
_ Let a, 6, € & 


nd let A, B, C denote their i 


Let L be the line of 
Jenote the planes VYY'ZZ. 
ntersections with L. 


he triangles 


ys 


Now YZ, ¥’Z’ lie in a and so they meet. Also 
YZN YZ c& XYZ XYZ = L 
Similarly the other pairs of 
A, B, C are collinear the triangles 


line perspective. Then YY’, ZZ lie 
Similarly the 3 lines XX’, YY’, ZZ’ 
re concurrent, Therefore 


Therefore they meet in aM L =A, 
corresponding sides meet in B, C. Since 
T, T’ are in line perspective. 

Conversely suppose that T, 7’ are in 
in the plane AYZY’Z’, and so they meet. 
meet pairwise, and are not coplanar, and hence a 
T, T’ are in point perspective. 


6. Regular polyhedra 


Plato (427-347 BC) founded his Academy in Athens in about 387 BC, 
and the platonic solids, or regular polyhedra, were one of the discoveries 
made at the Academy. The proof that there were only 5 was probably due to 
Theaetetus (c415-c369 BC). They are described by Euclid [8, Books XI- 
XI}. 

Definition: A regular polyhedron is a convex polyhedron that has all its 
faces congruent to the same regular polygon and has the same number of 
faces at each vertex. 

Theorem 6.1: There are exactly 5 regular polyhedra: the tetrahedron, cube, 
octahedron, icosahedron and dodecahedron. 
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ae: lar polyhedron, the pattern of faces % 
Proof: ae ee if that pattern is cut Open along an aa a 
eae a then, by convexity, it will occupy strictly less than 3¢y 
flattened OW uilateral triangles the vertex pattern can contain only 3 
eae 6 would occupy the full 360°. Therefore there are 3 


3rriangkes /\/\ giving a tetrahedron “AN 
3 = 


4 triangles oS giving an octahedron & 
5 triangles a giving an icosahedron. 


Ifthe faces are saa 36 - only one case, namely 3 
because + squares would occupy 360°: 


bey 
3 squares = giving a cube. mM a 
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Euler's formula Leonhard Euler (1707-1783) discovered a formula relating 
the numbers of faces, edges and vertices of a convex polyhedron: 

faces — edges + vertices = 2. 
See Question 6.1 for a verification that regular polyhedra satisfy this 
formula. 


Associated spheres: Just as a regular polygon in R* has 2 concentric circles 
associated with it, the circumcircle through the vertices, and the incircle 
touching the edges, so a regular polyhedron in R* has 3 concentric spheres 
associated with it, as follows. 


Definitions: Given a regular polyhedron A define the circumsphere to be the 
sphere through the vertices of A, the midsphere to be the sphere touching the 
edges of A, and the insphere to be the sphere touching the faces of A. 

The corresponding diameters of the spheres are called the 
circumdiameter, middiameter and indiameter. Notice that the midsphere 
meets each face in its incircle, and the circumsphere meets the plane of each 
face in its circumcircle. The diagram shows the 3 spheres associated with a 
cube. 


If the faces are pentagons there is similarly only one case: 


3 pentagons ee giving a dodecahedron. ay 


There are no more cases because 3 hexagons (or higher) would occupy ene 


(or more). O 


Definition: The dual Oka polyhextton is ODL Dy joining the Midpoints o Theorem 6,2: The diameters of the 3 spheres associated with each of the 5 
the faces. Equivalently one can bisect each edge with a dual edge. > regular polyhedra of edge 1 are as follows: 
advantage of the second definition ts that the dual of a dual is the 


ci er : 
you started with. rcumdiameter,c — middiameter,m —_ indiameter, 


tetrahedron 3 # % 


Examples: @) The ae of : ae: oe tetrahedron. cube V3 v2 1 
(ii) The cube and octa : octahedron v2 1 i 


(iii) The dodecahedron and icosahedron are duals, 


icosahedron v! sexs 
dodecahedron va ia apes ' 


Proof: We give here the proof for the cube, and leave the proofs for the 
other 4 polyhedra to the reader as Questions 6,3-6.8, ashe 

In the cube, the indiameter is the distance between opposite faces, 
which is the same as the edge of the cube, 1, The middiameter is the 
distance between opposite edges, which is the same as the diagonal of a 


> 


(i) (li) 
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face, V2. The circumdiameter is the dig “Ass 
which is the same as the diagonal ofthe cube, yg aween wal 
Remark about vertex patterns: In ition a : 
necessary to require that all the eae fia Of regular nu 
otherwise there would be many other cxamipegey the same ie 
dipyramid, which is the union of two tetrahedra stance 
polyhedron with 6 triangular faces and 5 vertices +214 along 4. 
different vertex patterns. Each of the top % 
lies on 3 faces whereas each of the other 
faces. 

Remark about convexity: The conditi A 
condition for the classification. We eae oe is 
polyhedron, beginning with a familiar 2-4j 0 ™Ble 
nonconvex polygon, the boundary of the Star of 
union of dual triangles, T and T’, and has 12 edges Date 
there are of two types. The first type are the . és 
vertices, namely those of T and T’. The second ont 
6 inner vertices, namely the vertices of Pid ae tiem 
rea T’. The polygon is not convex because ne 
two adjacent outer vertices does not lie inside the palyes be 
_ The analogous 3-dimensional polyhedron is the oS an 
is the union of dual tetrahedra, T and T’. This has Ee 
vertices, which are of two different types. The 
vertices, namely those of T and 7’, at each of whee se 
second type are the 6 inner vertices, namel ti 
octahedron T 7 T’, at each of which 8 faces neck dg 
reason why so many faces can meet at a vertex is due to 
the nonconvexity, because as you go round the vertex 
pattern, the faces go in and out. The polyhedron is not 
convex because the join of two adjacent outer vertices 
does not lie inside the polyhedron. 


aN Sila, 


Going back to convex polyhedra we can extend 
allowing the faces to be not all the same. : * 
Definition: A semi-regular polyhedron is a co 

nVvex poly 
faces equal to two regular polygons and all the vertex cee 


Theorem 6.3: There are exactly 15 semi-regular 
with at most 6 edges. saa a 
Proof: For the proof see Question 6.10. Meanwhile w, 
semi-regular polyhedra in terms of 6 types. The symbk 
polyhedron comprised of triangles and squares, etc. a 
(i) Prisms The n-prism consists of two n-gons j 
Note that the 4-prism is a cube. a" 


(i3) 


4-antipris™ 3/4 


(iii) 


(iv) 


(v) 


Anvp! 15mms: The nanupns® CORBAS of two n-ZN jose by Dn 


a 


cube: To forma 
ware and vertex of 


mitred pipe oe 2 riangic. / 
the back half through 49° 


Mitred 
y a 
be 3/4 


Midedge: Given 4 polyhedron - 
vdpoints of the edges of A. Dual polyhedra share the same 
Note that the midedge tetrahedron 1s 4B 

midedge cube 3/4 midedge dodecahedron 3/5 


Truncated. Given A define truncated A by replacing each vertex of A 
by a face and each face of A by another face with twice 2 may 


edges. 
Note that the truncated cube and dodecahedron are ruled out because 


they have octagonal and decagonal faces. The truncated icosahedron 
was named the buckminsterfullerene by Six Harry Kroto in honour of 
the polygonal roof designs by the architect Buckminster Fuller, and 
because Sir Harry himself had discovered a new carbon molecule of 
this shape. It is also the pattern on a football. 
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truncated octahedron 4/6 | | 
heorem 6.4: The rhombic faces of R have ratio of diagonals V2, and 
smaller angle sec”! 3 (approximately 70.53°). 

roof In a cube of side 1 the diagonal has length V3, and therefore the 
sloping edge of a pyramid is V3/2. By Pythagoras, the altitude of a ites 
triangular face of the pyramid from the centre of the cube has length 1/2. 
herefore the longer diagonal of the rhombus is V2, while the shorter 


J diagonal is 1, and so their ratio is V2. Apply the ih ee 
: ii cosine formula to the face of the pyramid: 
». Given A define snub A by replacing each vertex of Ay 1=44}-24}cos0 


h edge by two triangles and each face by a A 
cosd=t. 1.6 =sec"3. 0 LN 
1 


hat these, unlike the rest, are not the g ane 
7. Rotation groups 


(vi) Snw : 
triangle, &&¢ 
rotated face. Note t 


mirror images: ; 
snub cube 3/4 snub dodecahedron 3/5 


»o @ 


introduce an important polyh EY 

-. dodecahedron: We now intro Pp polyhedro 

A Ot oe the same, but rhombi rather than regular polygo 
that a rhombus is a parallelogram with equal sides. The polyh 
have the same symmetry as a cube and will be useful for tesgel], 


Section 8 below). i . 
Definition: A pyramid is the join of the centre of a cube to one of it 


Definition: A rhombic dodecahedron R is a cube with 6 pyramids ; 
to the outsides of its 6 faces. a 


4 
oy 


Definitions: A rotational symmetry of a polyhedron A is a rotation of A onto 
itself. The product af of two rotations is the composition of a followed by 
B. The identity map is denoted by 1. The order of a is the least positive 
integer n such that a" = 1, For example a rotation of 180° has order 2, a 
rotation of 120° has order 3, etc. 
Definition: The rotation group G of A is the set of rotational symmetries 
together with multiplication given by composition (one rotation followed by 
another). Then G is a group because it satisfies the three axioms for a group: 
(i) associative: (a4B)y = a(By). 

(ii) unit: al = la=a. 

(iii) inverse: each a has an inverse a such that aa“! = 1 = a“!a. 
A group is called abelian if it is commutative, i.e. for all elements a, 6 € G, 
aB = Ba, but in general rotation groups are not abelian (see Theorem 7.1 
below). The order of G is the number of elements. 


Remark about reflections: Some polyhedra such as the regular polyhedra 
have reflective symmetries (reflection in a plane) as well as rotational 
symmetries, and their symmetry group (including both rotations and 
reflections) is then twice as big as G. However reflections are less intuitive, 
and so we shall ignore them and confine ourselves to rotations. 


Theorem 7.1: The rotation group of an equilateral 


Each edge of the cube is the edge of 2 pyramids, and hence of 2 of {i triangle has order 6 and is called D, or $3. For 1 
triangular faces; these two faces lie in the same plane, since each is a simplicity, suppose the triangle is horizontal. In the : 

its base, and so together they form a rhombus, which has that ed case of D3, let w denote a rotation of 120° about the 

shorter diagonal. The 12 edges of the cube determine the 12 rhom| vertical axis through the centroid. Let a, 8, y denote ] 

of R. Meanwhile R has 14 vertices of two types. The first type both the altitudes of the triangle, and the 3- ”~2 B 


vertices of the cube, at each of which 3 rhombi meet at their larg dimensional rotations of 180° about these altitudes. 


The second type are the 6 vertices of the 6 pyramids, at each of which In the case of $3, the rotations are induced by permutations of the vertices 1, 
rhombi meet at their smaller angle. 4 2,3. The multiplication tables are: 
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rotation through 277/n about the vertical axis. 


v 
I | toa By Identify w = 123, a = 12, etc., and it can be seen that the two multiplication 
og | o @ | boa ables are the same. Note that this is the smallest non-abelian group. 0 
= eo wo i @ Y a B <r 2 
D; Definition of the cyclic groups: Let w be an element ion 

a | a. ¥ b> ievauee of order n. Define the cyclic group C,, to be the 

;|p a y @ Ll @ abelian group {1, @, w7, ... , @"~'}. It is the rotation 
eat f group of a pyramid on a regular n-gon, w being the 

,ly Bp @ ora 

| ‘ 


Definition of the dihedral groups: Define the dihedral group D, to be the 
rotation group of a regular n-gon. Then D,, has 2m elements: 
n rotations 1, w, w, ... , @"~' about the vertical axis, and 


123 132-12. ae 


ee eee 
123 132 12 230s 


| 
iS | 123 132. 2 23. Sioane n rotations a), Gz, ... , a@, of order 2 about n horizontal axes. 
5 = 122 12 1 13°31 ae If n is even, half of these axes join opposite vertices, and the other half join 
3 3 2 31 23 1 123 432 the eg ef tages aes Ifn is odd then each horizontal axis joins a 
ar 12 31 132 te vertex to the midpoint of the opposite edge. 
31 | 31 23 12 123) S320 


79 ways of approaching the problem, either ing 
Proof: ee ce in terms of permutations of the vertices, 
axes of 10 aches because we shall generalise the first to the diheg 
iF ate second to the permutation groups Sn- 

: D; has 6 elements 

| identity: 1 ; : 
> rotations of order 3 about the vertical axis: w, w” 
3 rotations of order 2 about the altitudes: a, B, y 


construct the multiplication table it suffices to check experin 


o = a =f =o 


oO 
@ 
a; ay 
a2 a 
a3 as 
as 
as oH 


Applications: D,, is the rotation group of the n-prism (n + 4), and the n- 
antiprism (n # 3) (see Question 7.1). D, is also the rotation group of the 
wisted mitred cube (see Question 7.2). 


Definition of the permutation groups: The permutation group S, denotes the 
et of permutations of n objects, which we label with the integers 1,2, ... ,n, 


To ogether with multiplication given by composition (one permutation 


ne ollowed by another). The order of S,, is n!, because there are n choices for 
5 ra. e image of 1, n — 1 for the image of 2, and so on. The identity 
af = w, fa = W, oa = B, aw = 4, permutation is denoted by 1. We use the cyclic notation nnz... ng for the q- 
The rest of the table can then be completed using the fact that noe cle 
appears twice in any row or column. Nam 1. > My > mM. 
Meanwhile each rotational symmetry induces a permutation Every permutation is the product of 2-cycles, for example 123 = 12.13 
vertices, and conversely. Therefore there are 6 permutations: because in the product 1 + 2+ 2, 24143, 331. 
1 identity: 1 P 4 Definition: A permutation is called even or odd according as to whether it is 
2 3-cycles: 123,132 (where 123 denotes 1 — 2 4 3 > e product of an even or odd number of 2-cycles. The even permutations 


3 2-cycles: 12,23,31 (where 12 denotes 1 <> 2, keeping 3 form a subgroup of order n!/2, which is called the alternating group A,. 


Technical note: The definition is well-defined, because if 1, 2, ...,n are the 
vertices of an (n — 1)-simplex A in n dimensions, then A has 2 sides, and a 
permutation of the vertices induces a map of A onto itself that preserves or 
everses the sides according as to whether the permutation is even or odd. 


Multiplication is given by the composition of permutations, for example 
123,12 = 23 because 1 +2 1,243 3,39132, 


i. 
is 


20 
mae has | clement: the identity. 
5% has 2 elements: the jdentily» even, and the 2-cycle 12, odd, 
5; has 6 elements: 
| identity: even 
4 2-cycles © 23, 41; odd 
2 z-cycles | 4, 132; ever 
1, Ay has 3 elements: the identity and the two 3-cycles. 
5, has 24 elements: 
1 identity eve 
6 a-cycles 12, 15, 123; 9A, 34: odd 
g 3-cycles 123, 132, 1" 142, 134, 143, 234, 1A3: een 
6 4-cycles 1234, 43, 1324, 1342, 1423, 1432: odd 
3 (2, 9)-cycles 12.34, 13.24 14.23: even. 
1, Ag has {2 elements 
| identity 
g 3-cycles 
3 (2, 2)-cycles. 
< has 120 elements: 
1 identity: even 
such as 12: odd 
has 123: even 


20 (2, 3)-cycles suc 
15 (2, 2)-cycles such as 12.34: even. 


, As has 60 elements: 
1 identity 
20 3-cycles 
44 5-cycles 
15° (2; 2)-cycles. 


Theorem 7.2: 


and truncated tetr: 


Proof: 


vertices, and 


cycles. Call the line j 
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The group Ay is the rotation gro 
ahedron. ae 


trahedron induces an € 
conversely. The 8 rotations about the Wetec, o 
oining the midpoints of a pair of pee ' 


f the regular tetra 4 


It suffices to prove the theorem fi 

or the te A 
truncated tetrahedron 1S constructed from it and ora becau 
rotation group. erefore. haga 
Fach rotation of the te au 
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THRE 
middiamel an me tetrahedron, (It is j y 
souctit a ; a 5 ges.) The 3 poh hee po 4 diameter 
induce the # 4 )-cycles, This completes coe 2 about Poa! Vr bind 
rotat iddiameters 
remark: Note that there is no rotation j ion group, inducing A, 
past tion inducing a 2- 0 
For if there were a rotation induci 
12, then il would have to be aaa the permutation 
through the midpoint of the ke middiameter 2 4 
induces the permutation 34, givin e which also 
12.34. it is true that reflection ed A ¢ (2, 2)-cycle Tae 
pisecting the edge 12 would induc ¢ plane L and 
put we have chosen to ignore nfaete 2-cycle 12 2 4 
ns, : 
3 


Theorem 7,3, The grou ‘ 
} p §. r 
mitred cube, midedge 8 ee group of the 
dodecahedron, and stella octangula cube, truncated Nee octahedron, 
Proof: ey pieist:j to prove the dheoren on, rhombic 
generated from it and therefore have the for the cube, since all 

p. are 


| ‘f 
‘ 
Joe nie 


The cube has 4 di 
agonals joini 
cube ind nals Jounin : 
reat Nees ee of th a saat ai Bik ede 
The 6 rotations, such ut the 4 diagonals gonals, and converse n of the 
midpoints of » SOS BS B, of order 4 esas ds a. induce ly. The 8 
order 2 about ae faces, induce the 6 rae? poids 8 3-cycles. 
as Y; of order 2 BBA: axes induce the 3 4-cycles, and the 3" Joining the 
edges, induce the out Be 6 middiatieen (2.2)-cycles. The 6 rotations, of 
24 permutations f 2-cycles. Hence the Seen the midpoints ons, such 
of the 4 diagonals. Tie ene Gee of the or Al opposite 

rotation rt induce the 

group is S,. 0 


Theorem 7.4: Th 

F “ah e group As i 

icosahedron, mi p As is the rotati 

icosahedron. midedge Oa sae yaa up of the dodecahedron, 

prog a suffices toqsene tia “ahedron, and truncated 

The pee fromiahane Shere ste the dodecahedron nee 

diagonals. The eh haste mee ne group. — oS 

Ci hee 2 oe edges faces; and. each. fi 

diagram sh ges, one in each of t es of 5 cubes (see Quest bee 8 
shows one of the cubes of the faces of the (see Question 6.8). 


x, Tessellations and sphere packings 
of Ris 2 coneting of 8 wit pai 


Bb 


efecto A tessellation 
oa iappme polygoms. 


Exarpees 


Definition. A sessellation of R’ is a covering of R with 
overlapping polyhedra ee ne 
(points with integer coondimates), Hf See ateaes lence ait 
Theorem 8.1: There is mo tessellation using only regular tetrahedra 

Proof: If n regular tetrahedra met at a vertex their solid 

{/n. Bat in Question 21 we showed thatthe sokd ange af ¢ spate 
errahedron is 3 sec™'3 - 1, which is imational, O 


Sphere packings: We give 3 examples of packing equal spheres in R’. 
Example |: Square packing: The first layer of spheres is arranged in a 


i array of rows and columms. The second its in all the 
hollows of the first layer, and so on. ; sume 


7 he spheres canbe located atthe vertices ofthe 
cubic tessellation together with the centres of all the square faces of all the 
cubes. ce 2 Py 


through 45°, the centres of the spheres ¢ 


The ES ee ng i wean Se So ‘e 


24 : ; 

y boy's packing: The first layer is arranged in a horizon, al 
apie e Bore i 
Examp any: 


hexagon4 


layer. And s 
tetrahedron 


‘ al packing: The first two layers are the same ag th. 
Example 3 face ae third layer sits 10 the other half of the hollows o¢ 
exactly above the layer. And so on. In fact there are ar 
¢ different packings by choosing for the different layers 
le or the hexagonal rule in any order. ’ 
square packing is the same as the barrow boy's packin 8. 4 
f spheres, with 4 sph a 
. Consider a barrow boy s tetrahedron of spheres 4 spheres along 
a as shown in the diagram above. The vertical axis is one of tha 
altitudes of the tetrahedron. Now rotate the tetrahedron until one of the 
m layer is now a row of 4 spheres, 4 


middiameters 1s vertical. The botto ) 
second layer is a 3 x 2 rectangle of spheres. The third layer isa2d x4 
rectangle, and the fourth layer a TOW of 4 spheres. In other words we hay ‘ 


the square packing. The same argument holds for any size of tetrahedron. 
Notice that the secret of the proof lies in the fact that the tetrahedron has twa 


types of axes of symmetry, altitudes and middiameters. [1 


eem that the barrow boy's packing of 
spheres is denser than the square packing. In fact each barrow boy's layer ig 
indeed denser than each square layer, but this is compensated for in the 
square packing by the layers being closer together, because in a regula 
tetrahedron a middiameter is less than an altitude (the ratio being 
3/2 < 1), See Question 8.6. e 


Theorem 8.2: The 


Remark: At first sight it might s 
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Phere packing j 

& induc 
cell of the tesaeilacion | ; 
Points closer to that sphere 


Definition of the tessellation of a ss 
ressellation as follows. Each wha Ad 
defining the interior of that cell to consi Ines a 
than to any other sphere. St of all 
theorem 8.3: The cells of the 
dodecahedra. barrow boy's tessellation are rhombi 
Proof: Consider the cubic tessellation ” ic 
coloured alternately black and white like a Bs 
cube into © pyramids by joining the 6 fa essboard. Divide each whi 
black cube the 6 white pyramids rte ite 
dodecahedron (see Section 6). Thi 
dodecahedra. For each black cube the a 
their midpoints also touches the 12 hesce 
same points, and furthermore touches the midsph 
black cubes at the same points. pheres of the 12 neighbourin 
The circumcircles of the black squares 0 B 
square packing of circles, at 45° to the edge of the chessboard in R? 
mids be of the black cubes in R? form a ahah Similarly the 
which isn OES bebe Tae Packing of spheres, 
ofa a and D the surrounding rhombic He eorem 8.2. Let S be one 
ine boleh an bere Sphere S” let ose: Then S is the 
» Whic contains a fa ie Common tangent 
than Sa on the same side of P ne points closer a S 
cane i a pres ps the other 11 faces of D, Therey with the other 11 
he feeeen tf ng sphere are points interior to D The ore points closer to 
e tessellation induced by the barrow boy's sphere See Dis a cell of 
acking. Hence the 


barrow boy's tessellation is the 
dodecahedra described above. 0 same’ as the tessellation of rhombic 


form a 


Definition: Define the density of ‘ 
the volume occupied by the chee sphere packing to be the proportion of 


Theorem 8.4: The density of the barrow boy's packing is Se 
ee There are two methods. The first is to c th a 
inside a large box, which is inaccur: Ount the number of 
¢ ate bec of spheres 
and then let the size of the box tend to infinit ais boundary conditions, 
to zero. ty, So that the inaccuracy tends 
The second method is mo 
: te elegant i , 
tesuel sa and compares the olan of Pe It uses the induced 
i oF ic do ia as follows. A black abshans V rt ite. sucrounding 
ne : form a white cube of volume | ai ©: Lewin 8 
(tS ee ofthe Black cube 
, by Theorem 6,2, hence radius 1/2, and Sieh tn 
’ e 


4 (1/-V2)°, 


oe 
pie packing Of SPREE CONJECHME: WS BOWES 


=—- 


s the surface obtained by joining a horize, 4 
ntre of the circle. The iZOn 


A circular cone i 
the intersection of a circular 


ex vertically above the nine 
called the centre of a : sine : onic 
us at , " 

Conics Wer uclid (c330-C? ale font ee é 

the who tO Sandelin in 1822. WE give jj 


Theorem : 
Let a be the semi-angle of the cone = 

J Oo o 
the cone and the plane There are cases according as to whether a is 
greater than 8 : 


than, equal to, or 


a <6 


ellipse 


Definitions: An ellipse is the locus of a point 
distances from 2 points (called foci) is constant. A hyperbola is th 
a point in the plane the difference of whose distances from 2 foci is c 
A parabola is the locus of a point in the plane equidistant from a 

focus) and a oie 


line (the directrix). 
We shall prove the elliptic case, and set the other two as Questions | 


20.5: 
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Treore™ oJ: Ifa < Bthe , 
pse 


Proof, Let E be the intersecti 
on betw 
sc Ufutc nv ant oye tei ng 
: ; c ‘ 
F, F’ be the int Ryle the spheres aah a and Noah xia 
cone. GivenX ¢€ E, letG, G’ Hmm the eb Let V cot Na and let 
Pa ee i Paige 
XF = a ig tangents from X to i 
, being tangents from X to 5” 


oe XF + XF’ = XG + XG’ 
= GG’ 


= constant, i 
Therefore E, the locus of X, is an ellipse ihe aes of X. 
ipse, with foci F, F’. O 


Some readers ma i 

2 y be more familiar wi 

an equation, and so i liar with the descripti 

definition above. in the next theorim. we dedtice that nee Soyer by 
er. aes on from the 


Theorem 9.2: If the elli 
A eae pse has maj - 2 
appropriate choice of axes, it h yor, minor semi 
’ as the equation Axes a, b then, with 


(2) +) =. , 


Proof: 
With origin O, take x and 
ellipse. Le y-axes along the maj i | 
the ends Sete ae aaa ame Leta = (a, OandB = (0 be 
or axes. Let X be a poi = (0,2) be “a 
point on the ellipse. 4 
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10. Inversion in a sphere 

ersion in a sphere is a generalisation to R* , 
Inwmcircle in R*. It is basically a tool, hae) oe more familiar inversion 
such as those in Sections 12 and 14. Proving other theorems, 


definition: Define inversion in @ sphere S, wi centr fi 
Dé briefly, imversion in the — O) St = A, (or, 
the map 


‘_ Oo} -» {R*- O} given by ¥ S X", where X” is the point on the 


more 
».4{R 
xX such that OX.OX" = &. (A rayisa 


= (a-c) + @+¢) = 2a, 


2BF = 2a, by constancy, ray O 


He sah of ) halfline begi 
oo x = Bthen BF + BF “oo Note that f leaves points of S fixed, and thehebtoae's J 
Whe _ BF = 4 oO Boal : outside of S. Note also that f is an involution because f? = 1, and of" ry. 


in terms of topology, f is a homeomorphism, in other 
one-to-one map with continuous inverse. 


‘ b constancy 
waa 0 0 FTP +J@+ + ¥ = 2a 


oe theorem 10.1; The inversion f maps: 


(i) planes through O to themselves; 


cour a a aes (Pty eet zens ; {i planes not through Oo spheres rough 0, and vice vers 
(g@+y¥ +6 / sa : (iii) the tangent plane at N to the sphere diameter ON, and vice versa; 
nity ten 2cx) (x? + y* + c* + 2ex) me (iv) spheres not through O to spheres not through O. 
— u proof. (if maps a ray through O to itself, and 
leapa cae « 20° — (x + Yo Me themselves. Hence planes through O to 
ae + (ii) Given a plane TI not through O, let ON be the 
x eS >. 1 from O onto Il. Given X ¢ TI, let f map 
Squaring Wee. dat — 4a2(x2 +? + 7) + (x +y¥ +e") 
” x = 


(x? + ae oy 


4 
.gler+y + e)-cx =a 


x — X’,N — N’. Then x x’ 
OX.OX’ = kK? = ON.ON’ ji 
N oO 


_ OX’ _ ON 


2 2 res 2 ———— ee 
“ (p-c)x Hoy =F (a’ - c’) ON OX’ 
2 2,2 
~peray =ab Therefore triangles OX’N’, ONX are similar, having the angle at O in 


x (y? common. 
“f (*) +(?) aio “. ZOX'N’ = ZONX = 90°, 
Therefore X’ lies on the sphere diameter ON’, | 
Therefore f maps I to this sphere. And vice versa since f-! = /. 
(iii) If 1 is the tangent plane to S at N then N’ = WN, | 
the sphere diameter ON, > ry dee tine f maps IT to 


: Beck ehel 
— 


THe DV AS Dy 8 Bee, OS SS ee 
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30 
a té A, of length ¢ 
_. niven a sphere A let OT be a tangent to “% gth ¢ say. Let 4’ 
(iv) Given @ He3 towards (oF expanded away from) O by a factor ey) be 
A, let ¥ be the other intersection: 7 Ww, 
of Ox 


sphere A shrul . 
shall prove A) = A: Given 4 
and let x’ be the vith ot eee ; 

€ Al tan 
5 gent of a é 


wit re ZOTY becaus 
e0r FE ; he chord in the o 
als the an re subtended by the pposite seqni 
ate ‘0. Therefore the triangles OXT, OTY are similar, havi 
angle at QO in common. & th 
ox _ oF 
i OP ai oe 
 OX.OY = OT = a 
ox’ _k 
O* . =, bythe shrinkage. 
But OY r y age 
Multiply the last two lines together: OX.OX’ = k?, 
Sf (X) = x’ and so f(A) = A. Oo 


0.2: The inversion f maps: 
h Oto themselves, 
O to circles through O, and vice versa, 
(iii) circles not through O to circles not through O. 

Proof (i) maps rays through O to themselves, and hence lines also, 
(ii) A line not through OQ is the intersection of 2 planes not through O. Thej 
images are 2 spheres through O, which intersect in a circle through 0. Cir 
(iii) A circle not through O is the intersection of 2 spheres not through , 
Their images are two spheres not through O, which intersect in a pric bs 

yt 


through O. 


Corollary 1 
(i) lines throug 


(ii) lines not through 


Corollary 10.3: If the inversion maps @ plane (or line) at distanc Ps. 
to the sphere (or circle) of radius then 2rd = k*. ed from @ 
Proof, \f OX is the L from O to the plane (or 
line) and OX’ the diameter of the sphere (or (a [ 
circle) then X’ is the image of X, and so O Xi 
ard = d.tr = OX.OX’ = kr. 0 


a map is conformal if it preserves angles. Recall 3 


Definition: We say 
the angle between two curves meeting at P is defined to be the an 


between their tangents at Jed 


Theorem 10.4: Inversion is conformal. 

Proof. Suppose A, B are 2 lines not through i 7 

a , gh O, meetin Jnd 

inversion in O let A’, B’ be their image circles through O mal mong ron 
, th 


image of P. 
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The tangents at O to A’, B ar 
; € parallel to 
angle between A, B at P = angle beewaec takai 
ras gents to A’, B 
z on pee A’, B at O, by ped 
tween A’, B at P’, by Ph 


(the symmetry of reflection i 
are preserved. 1on in the plane 1 and bisecting OP” 
). Hence an 
gles 


11. Cross-ratio 


Just as distance i inf ? 
8 the main invariant of eucli \ 

an geometry so cross-ratio i 
ratio 1g 


the main invariant of projecti 
: jective 
we regard this primarily as geometry, Like inversion i 
Theorem 12.6. For a fuller oes peeing Sp ee pa 
xeter [6]. , suc. as 


Definitions: Given 4 points A, B, C, Dona line he 
ine the cross-ratio 


(ABCD) = SBD 
AD.CB’ pHi CD 


Given 4 lines through a point O define the cross-rati 
i S-rat 
O(ABCD) = %24AQB. sin <COD - O 
sin ZAOD. sin ZCOB’ 


> ogee 


Theorem 11.1: (ABCD) 
= O(ABC. 
Proof: Let h be the distance from os the line ABC. fe 
4h.AB = area of trian ) “ 
gle AOB = 4OA.OBsin. B 
OA.OB one z 
5 D 


ve (ABCD) = 


sin ZAOB. 


(OA.OB sin ZAOB)(OC.OD sin ZCOD) 


OA.OD si 
(OA.OD sin ZAOD)(OC.0B sin ZCOB) ~ 0 ABCP). 9 
oi 


bd 
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32 
‘enition: Give two lines L, L' and a point O, the ON 
Del ©, 1 from 08 defined by the rays from 0, ; 
. Project rves cross-ratio A \Ar 
Corollary 1°" Projection pies } ——f} 14" 
proof From project 4 points A, B,C, D on a line to Ne 
4p ints NB, c’, D’ on another line. Then D a 
ACD) = 2 ABCD) = o(ABCD) = (ABCD). O la 


Definition: Given 4 points A, B, C, Dona circle deGite 
the cross-14 io (ABCD) '© be O(ABCD) for any other 

nt Q on the circle. 5 

Note that the ross-ratio 18 IN 

‘¢ ¢' is another po! 

, ZAO'B 


independent of the choice of 
nt on the circle then either 
= 180°- ZAOB, and so 


ZAO'B = ’ colt 
~ sin ZAOB. Hence the cross-ratlo 18 the same 


sin ZAO'B 

Theorem idee: Inversion preserves cross-ratio. 

Proof, Given points A, B,C, Dona line L, suppose the . 

to points WBC) p’ on the circle L’. Then by Y are inverted ip , 
and by definition Lidl 


Theorem ll I | 
apc) = O(ABCP) : (Sa 7 
Se 

Sa 


- O\ABCD) 
= (AB c’p’) onl’, 
1» A set of points A, B, C, Dona line or circle i a 
We sometimes say that A, C separate hale hae 
quadrilateral to consist of 4 lines ce 
eeti 


Definitior 
if (ABCD) =~}. 
Example: Define a complete 
vertices (shown as dots). 
The 3 diagonals (shown dashed) are the 
ns of those quadrilateral vertices not 
already joined, and they meet in 3 diagonal 
shown as little triangles). Then on 
2 diagonal vertices separate 
2 quadrilateral vertices (see 


jor 
vertices ( 
any diagonal the 
harmonically the 
Question 11.1). 

Lemma: A, 8, CG; 
Proof: AsD 7 


(ABCD) > = 
CB 
_CB = BC, and conversely. 0 


cifand only if Bis the midpoint of AC, 
ee 


co is harmoni 
CD/AD > 1, and so 


If AB/ CB = —| then AB = 


is the midpoint of AC on a line L, and inyersi 


Theorem 11.4: If B 
B, Con the circle L’ through O then A’, B 
s) y»\ 


maps A, B, C to A, 
harmonic on L’. 
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proof: The tangent to L’ at O meets L at 
at c0, 


"BG = ‘ - 

(A'BCO) ; nak O), by definition y Any 
> ce), by projection on L WO 
= -1, by the Lemma 

(Here OO) denotes the tangent at 0) Oo 5 


12. Rings of spheres 


Definition: A ring of s ‘ 
pheres is 

me an orde 
si ; oe touches the next, and ri set of spheres 
ist. If there ate q spheres, where q i ey ences Oe 
then it is called a g-ring. q 18 a positive integer. 
Note that the spheres may not be the ; 
centres may not be in the same plane Same size, and their 


Definition: wo fi 1 interlock if each sphere of a ouches each 
Af I n sa, Bi terl i 1) t 
0 i ‘ 
‘ | ach sph 
| | c | phere 
ocking rings have been stud ed by Frederick Soddy [16] HS 
nter , M 


Coxeter [5] and Michael F 
introducing me to the subj ox [9]. I would lik 
ject, € to thank the la 
tter for 


Theorem 12.1: If a p-ring i 
14 interlocks a : 

Proof: Invert in the poi $a q-ring then | 

ring. Let a a a P ys eal between the as i i q = 1/2, 

ring, q-ting. By Theore z 5 pat my B,) denote the spheres of the p- 

convenient to think of 0.1(ii) Aj, Ay are paral Images of the p- 

Corollary 10.5 ren, i horizontal. Meanviile by on ad which it is 

next, with Ay touchin fee , Ay are a chain of sph eorem 10,1 (iv) and 
Alldhelephee ; ¢ plane Ap, and A, teh theo) each touching the 

the same size, of aay +++ » By touch the planes Aj, Beet 

circle of spheres woul rf say. Also they all each ‘A 2 and are therefore all 

contact, of centre P ae Let b denote the circle sroniede therefore form a 

tang? = r/R radius R say, If @ = 360/29 their points of 

= 180/q then 


Ay a 


ae 


Let a be the vertical li 
line through i 
: Nae and all eth pouitse) pre which goes through the centres of 
invert in the sph i 
Bp, ME phere with centre ; 
,, and radius k say. Let a” = (4y’, si N° Ree contact of B, and 
’ . = iis ae , B,) be the 


* di 
ey 3. Then Br g,’ are parallel planes each ata 5 TH 
ea = x by Corollary 10.3. Therefore Ay", ... ‘sad rae 
we i os yyegnwhile thet points af contact he on a ci 7 SDhe af 

Me ‘the line a. Then 2RR’ ha: . Of rae 


radius *- 
sy. which S the imag® of 
Therefore ri : 
1%) = a = po Be = 180)" 
al = RK FR ~ = ot 
130-180 
to = 0 
P q 
l 1 " 
s a aa = > oO 
p @ 2 
gerne Tere ofp. qare 3,6 (6 3) a 
brow 2p +2q = 9 Ag 
ee ee 


. @- Da@- 2) = 4. a 
However, 4 629 only factorise as 1x4, 2x2, 4x1; 3 
solutions. hence the ie 
3,6 interlock: given 4 spheres A y 


Theorem | 23. 
touching one another the 


ring Ai, 2, 43: 
Proof. Invert in the point of contact of Ai, Ao. We 


obtain 2 parallel planes Ar’ Ay’ touching 2 equal 
touching spheres Ax, By. There is a 6-ring (a) 
B’ By of equal spheres touching the 2 planes and 

‘ag the sphere Ax. The inverse |; 

1 


Lesot? 
surrounding and touching 
ves the desired 6-ring. Oo 


image under the inve 
Theorem 12.4: There exists a4, 4 interlock. 
distance 2r apart, and A3, Ay are equal spheres of radiant a B 


other, touching the planes. 
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Let B, be a sphere of radius r 
> & Spl 35 
ne the point of contact of A “a centre O say, touching 
ex ~ ~ oe Then ~ A), 
sfc sea Naame serneepee eae 
plane. ring B= (BB, B. BY A en 8 berizoatal 
f eres of radius r and 


We now investigate the conditions that 
a 4-ring has 
to satisfy to be 


interlockable. Let a be a 4-ring, with 
size, nor with their centres ncwaaern the spheres not necessarily 
Y in a plane. ily the same 


Theorem 12.5: The 4 poi 
contact circle. points of contact lie on a circle, which 
we call the 


et aia in the point of contact of the first 
se 2 s invert into horizon! 2 spheres i 
phere tal planes A, A bic as 


The other 2 spheres invert i 
“rt into spheres . 
eee Tae be y oe piel ee a the planes and each 
contact between pre eet Ss and let PO eee above one 
ele 3 an ‘ ’ , th . 

cigs ange dn ole ty : 
3 e angle that this line makes wi re line XQY joining the plane 
triangles es with the vertical ag . centres. 
e : Y isosceles 


ZPQX = 36 = ZROY. 


Therefore PQR is a straigh 

t line in the plane. Inverti 

inverts into a circle through O containing all 4 iy back, the line POR 
points of contact of a. O 


Theorem 12.6: A 4-ring is i 
orthogonal f6 the tie g is interlockable if and 
pheres, and the 4 ¢ only if the con 
ontact points are h tact circle is 
. armonic. 


Proof: Invert in the co 
i ntact point of 
a et ohana a 
words the ent tee. ss re size and a te edpeing if and 
is th ‘ = e 18 orthogon 4g her, In oth 
the mint of PR: nvering tack press ohn ern 
: nity of hoi pos cnt y Toe 
y Theorem 11.4, 
st a 


N UC, my 
3, Area of aspher? and volume of a ball , | 
ij neces) © distinguish between the boundary ang be 
Si ” » words citcl disc, sphere and ball as fol 

ve Ue the boundary of the 2-dimensional digo jn 
surface of the solid ‘in 


fs of Archimedes (287.2) 


moore 13 J: The are of a sphere equals that of the enclosing i; j 
el vi Me 


ry 
an 
* 


This may well have been Archimedes’ favourite th a 

“diagram Was inscribed on his tombstone in Syncuein gi ( 
corresponding thin slices of the sphere ang ly 

ying 

We ALC] 


Proof: ly 5 
Wi fl , } \ que | Hy Cas. 


Bii are 
ee 


slice of radius length width ‘ie , 
sphere pcos dr cos 0 rd hi aT 
cylinder |" dar rcosdd0 2m? cos Ade 
Adding the slices (ot integrating) gives the result, 0 ; 
Corollary: The ares of a sphere of radius ris Amr’. 
Proof: Area of sphere = ares of cylinder 
= circle x height 
= 2nr x 2r 
adn’, 0 


rheorem 13:2: ‘The volume ofa bal of radius ris nr’, 


Proof, In the prot Archimedes used the concept of balancing, Whi 
from his work in mechanics, Given a sphere of radius 7, 60 
of radius 2r and height 2, and a cone with the same base and height 


rthe cone and cylinder have axis BC 
» Which j 

gphere. Let A be the point on BC ie 8 & horizontal diamete 
AC. Given h point X on BC, let x = pid that B is the eae 
Di 2 7; h e ateas, ofthe discs of intersection oh Ny Fy be the radii, and 
with the sphere, cone and cylinder, We claim that j ¢ plane LBC through X 
then they will balance D, at X with the fulorum che bs Dy are hung from A 

For | 


r= v= (r=), by Pythagoras 
‘Dy = mh = (Qe - x), 

D, = ar, = mv, since r, = 4, 

Ds = m(2r) = Ane, since ry « 2p, 


+ Qr(D, + D,) = Arex » xD giving the blane 


Let Vi, Va Vs denote the volumes of th 
the union of the discs for all ae ' . phere, cone and cylinder, Taking 


| ar (Vj + Vs) 2 Vy, 
since the contre of mass of the cylinder is the centre 0 of the sphere, 

Vt Vy My ae ay : 
But Vp = 4Vy by the Lemma below, 


Lemma: The volume of the cone is a third the volume of th 


Proof, Let d = 2r, Then the circu hac helgh 
base d, Let W be Dehn's bite hy i) he 
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‘ We can regard W ™ 
2 Question 2.8). aS ag q 
show ane hase of side d: GALE Cone 
height W 


rs ind? be 1(nd?)d = 4(volume of the cylinder). 4 


14. Map projections 
Definition: A map projection is 


to a flat piece © paper. 
However, it is impossible to map part of a sphere into a plane win 
aker's choice of projection depends upg : 
be used for. We shall consider 4 projections: 


a map from part of the surface of : 


(i) Cylindrical projection 
(ii) Mercator ’s projection 

(iil) Central projection 

(iv) Stereographic projection. 

n the Earth we use latitude 6 and longitude @, 


North pole 
parallel of latitude 


For coordinates 
meridian of Jongitude 


South pole 4 
The circles of latitude, given by 0 = a 
< 1/2, ate horizontal circles running from 9 = 
south pole to 0 = 7/2 at the north pole. The meridians of longi 
by p = constant, 0 S  < 2n, are halves of great circles, 2 
North pole to the South pole. 


Definitions: 
-1/1 < 8 
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es 
Ss 


rid. Also by Archimedes’ Theorem 13.1 j onto a 
equal areas on the sphere 0 equal uae eae that etn 


disadvantage of not being conformal 
especially those far from the Equator, and hence distorts all shapes, 


theorem 14.1: In the cylindrical projecti 
mapped to a rectangle, expanded horas path: at latitude 6 is 
by cos. Hence a small circle is mapped to an elli and shrunk vertically 
axis to minor axis is sec? 6, ellipse, whose ratio of major 
i a a ac | EET | 


Gigi. ces 


Proof The point (, 8) on the sphere i 
cylinder. The small rectangle at (6,6) it mapped to (r, r sin 8) on the 
(do, d0) has sides (r cos 0 d9, rd), i uced hie = eas 
; Pped rectan 
(r dp, d(r sin 6)) = (rd@, r cos do) gle 

Therefore the horizontal sides are ex : 

shrunk by on 9. Therefore the Beige poe and the vertical sides 
ellipse is sec 6. Consequently, the directi es & 
ce vb age 4S etc can ae down towards 
iJlustrating its non-conformality. 0 NW is expanded to nearly 90°, 


(ii) Mercator’s projection 

Gerhard Kremer (1512-1594), known as Mercator, i - 

modification of the cylindrical Rijeclit fillows. invented a conformal a 

Definition: Define Mercator's projection by sui * 

latitude axis of the cylindrical biker ae stretching the vertical = 
conformal. . ; 


a? 


Theorem 14.2; Mercator's projection mapa (u0h SRP . a 


Proof, Suppose (, 0) -» (,f(6)). taike 
(r cos do, oe mapped Ot ee sides iis 
expansion is sec 0, and by conformality ‘ |. The horizontal 
same. meet the vertical expansion must be the — 
epee: ¢ Fp ees 


1. (0) = | secOd0 = log(secd + tand) + c. 
But f (0) = 0 by choice and soc = 0, 0 


he air fore’ 3 , 
Got -guses being conformal, it 
map represent paths on the gi 


ercators Fines OF 
cra eo pon with 3 fixed COMPASS setti : 
oe we wit correct SBAPS which aids Also 
S projection js that it tends to i niet e 
ati On the earth do not pan ual 


at the south pole S. 


he tangent plane at 
southem hemisphere radially from the 


s of Jatitude to concentric ci 
s emanating from S. patie cen 
ge of mapping at circles on the sphere to straight oie 
map, because a great circle is the intersection of the sphere lines 
z ce the shortest path between two points - With S 
the straight line between their ima, Mm the spp 

The disadvantages are that it is not conformal, and pee th 
the equator sages tend © infinity. However, he ae 
relatively accurate south pole. Similarly central seh TOjec 
tangent plane at any other point on the sphere is relatively ge O1 


point. 

(iv) stereographic projection 

Definition: Again let T be the tange 
ic projection by projecting 


stereographt 

radially from N onto T. 

Like central projection, it maps circles of latitude to T: 

5, and meridians of longitude to rays emanating fons i oan 


circle: 


nt plane at the so 
the sphere 2 oe he ae 


centre 
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= us 
al 


Theorem 14.3: Stereo 2 
through NV to lines in — projection 4 
pene apap eenee , and circles in © vies conformal. It ma 
10. 1Gii) f Maps rersion tn eee sphere ce through W to citti&e in ee = 
same as stereographic peep ly from N Aap N and radius ee eligh 
Corollary 10.2 f ma projection. By » and therefo Ss NS. By 
jeuien 4 PS circles thro Theorem 10 ref 0 ee 
to circles. ugh WN to lines A fis canine’. the 
The conformality, i ‘ » and circles not 1. By 
projection a evigeteityal ing preservati through N 
ihe north pole, but as y desirable. It gienea of angles, mak 
infinity. It is relativel points approach ees the whole phacberten ak 
can be saceoprecnealy’ deteg near the s north pole ane : except for 
reading see Geor, Y projected o outh pole. Simi images tend to 
ge Jennings [12, pp 63. « any tangent esas the sphere 
> PP. 63-82), plane, For 
. further 


15. Knotting 


Topolo is : 
studies oropeciies sometimes called ‘rubbe 
those in previous cacti sae and linkin r-sheet’ geometry 
rubber-like craiisforbta tions ause they fn Pata are much Preise: it 

(homeomorphisms). See much more nd than 
‘ nsequently the 1 
style of 


proof will be quite different 
knotting ae: 
linkin 
g 
eos 


Definitions: A knot i 
Ba is a closed curve 
be moved into the other ; in R®. Two kn 
: ots are equal if 
one can 


Example I: 


Qo r DB trefoil 


)-O-O-OG-@& 


Definition: Two kn 
: ots are - 
Example 2: unequal if one cannot be oO 
ous moved into shearer ; 
poses a Aad Dee ‘aes 


trefoil ) LE ees 
Co 
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urve is knotted if it is unequal to a circle. 


Definition: Ac 
Gta 


ity between 2 knots (or unknottedness) 
demonstrate | geo trically, aS 19 the example above, whe 
inequality een 2 knots (or knot to 
introducing 2m invariant, 10 other words a property that d Sehr 
roving that 1t 1S invariant, and ve cifyingla 
ariant. & that 


a knot, with a finite number pes! 
’ of cros: . 
Sings 


re of 
‘ indicated by a break in the curve, and 
’ So 


one colour, an 

the 3 colours are used; 
ng 1 or 3 colours are used 7 \ 
(for the overpass and the 2 sides of the underpass). IN 
In our drawings We shall use for 


curves and dotted curves. 
Lemma I: The trefoil can be 3-coloured. 


Proof: 


Lemma 2: The circle cannot be 3-coloured. 
Proof: Being all one colour it would violate condition (1) 


Theorem 15.1: 3-colourability is an invariant. 
Proof. We have to show that if K can be 3-colo 

-colour a 

then L can be 3-coloured. Consider the collowing 7 ea 

Or ele 


move: 


Type I (and its inverse) 


mK <—— sa 


Type II (and its inverse) 


—_ <> 
ES fw 
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Type Ill (which can be 
paper upside down). —_— 


equal its own i % 
inverse by turning 
the 


JA ALE 
a pert i 
; \ 
fk 2 L is a long complicated 
examining the film frame by fare tee imagine Be Seis tS 
in the configuration of arcs from the me frame there is eith of it and 
one of the 5 types of elementary mo ous frame, or else Ee Sane 
Dai complicated move sts ve shown above. Therefa has been 
moves: or instance, 1n the proof of the Ex a finite sequence ee we can 
steps represent no change in the confi ample 1 above, the a ; 
ay mrt tenn ne 
If we prove the theorem for , and third 
el 
ae vo ‘i Boros in ve te then it follows f 
“olouring after the aie pemenery move and ae on ee ive el 
rest of the knot, or a move, without hen, to show there is ‘ 2 
, e ends of the arcs in the Yee the colouring GF the 
entary move that a1 
t are 


attached to the rest of the knot. 
Type I (and its inverse): I * 
) Noh peer ee tN ; 2 
Type II (and its inverse): there are 2 es i «age 
ends are coloured the sam 1 AGES ae cases depending on - 
co dia 65 Gepending on whether the 
oF Se wart, ug 
oe ath ? 2 
edd ST ear ‘ 


Type Ti: there ares ele nna areaee bara s- 
possible to achieve a colouring pants case we v 

little arc in the middle without changi 5 Conn ce) by re 
they are all attached to the rest of Ree ed of th j 


\ . f és; 
\ Og 
| F t 


rr 
? oil is knotted. ; 
Corollary: The wel otting would move the trefoil int, . 
oe ance of 3-colourability es 
eae are knot cannot be 3 conte 
are knot contains 4 arcs, and therefore in 


= The squ 
gh ttempted 3-colouring 2 of them must be the same 
ra “> arcs meet at some crossing. Therefore 
ust be the same colour by 


any 2 

t this crossing ™ 

condition (2). Similarly the fourth arc must also be the 
vjolating condition (1). 


Z - Trefoil + square knot. 
3-coloured and the other cannot be. 0 


However. this invariant is no good for proving that the square v 
knotted, because neither the square knot nor the circle can be are ky 
generalise the invariant, and for this we 


arithmetic modulo p, 4S follows. 
Definition of mod p arithmetic: Let p be an odd prime. ‘Then 
0 1, os Aron } ory if. Given two integers a, b 


p consist of the set 
q = b(mod p) if th 
Definition: We say 4 
integers modulo p such that 

(1) at least 2 arcs are labelled differently, and 


(2) at each crossing the average of the two 
underpasses equals the overpass (mod p): 
a+b = 2c (modp). ata 
We leave it to the reader to verify that a knot has code 3 if and o 
be 3-coloured (see Question 15.1). Hence the codes a y if 
generalisation of 3-colouring. d 


ey differ by a multiple of p. 
knot K has code p if the arcs can be la 


Lemma: The square knot has code 5. 
Proof. Check each crossing going round the knot: 


A 1 + 0 = 6 (mod 5) 

B 3+1=4 

C 042=2 

D 2 +3 = 0(mod5). O 0 


Theorem 15.2: Codes are invariant. 
Proof: It suffices to check the elementary moves. 


Type I (and its inverse) 
<—> yan 


axe 
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Type [I (and its inverse) 
b foe 
a 24 “a aan | 
eee Nts 
Type Hil 
€ c 
yer yee, 
--  —— >» be — 2a-b 
= 2a-b c\ 
hae \ 
2a—-2b+c ae 


Check: 
(2b -c) + Qa- +0) =% 
This completes the proof of Theorem 52.0 


Corollary: The square knot is knotted. 
oof: The circle has no codes, otherwise conditi 
proof: condition (1) would be violated. 0 


Definition: The reflection of a knot is given by 


ee) : by , 
- 


Some knots, like the trefoil, are ps : 
gquare knot, are equal to their reflection he 


Definition: The product of 2 ino 


together. 
Th 5 . as 
and AE 
In Question 15.2 we show that the codes of T x Sare ; 


cut 


Definition: A knot is called prime if iti eae 
Enotes! P it is not the pro 


The list of all 14 prime knots with fe 3 

: wer than 8 | 
below, together with their codes. More acer if é 
than 8 crossings then it, or its reflection, equals one of 
Since the circle has no codes this proves that they are al 


¥ 


pe eed eh a oi, 
hares Fe) 
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LS 


n of linking number L: Given two 
orientations of A and B; CHENES 


(i 
(ii) either A or B to span, say B; and ie 
(iii) a disc b spanning B. LL in 
A s B 


en A will pierce b ina finite number of points 


46 
those with the same code are un 


ve ’ tha - 4 
not prove: how” phisticated invariant (see Raymond Lickoren™4 
ts in the list have more than one code Orish 


pe nitio 47 
° | 


jnots with fewer than 8 crossings 


5 5 
we call a particular piercing positive if A pj 
13 . sht-handed corkscrew would move if i re b in the directj 
em orientation of B; otherwise call it ne were serewed in the direction of 
ome piercings an d Nhe eas P be the ainibes 2 
€ piercings. De 2 
- Define the 


jinking number L to be the absolute differe 
nce between P 
and N, 


hen SS) 


Theorem 16: Lis invariant. 


proof. We have to prove firstly that L is j 
ia ' secondly that it does not vary when ~ is independent of the 3 choices 

easy because if the disc is moved along cane ae moved. Thaxechnt . = 

urves then the m 

umber of 


piercings will be conserved. Hence the burde 


16. Linking 
Linking is one of the most characteristic features of 3 di ; a 
dimensions, | ee Lis independent of the 3 choices. n of proof lies in showing tha 
ing that 


d experimentally obvious that linked curves ca, 


intuitively 20 Bei os . L 
separated, but we prove this ma ematically b 3 ; ee 
invariant called the linking number L that measures oe (i) a one g be me : reversed then the sign of eact 
curve links the other difference L is the same. gaa inerchangerl ait oe 
(ii) Suppose we chose to ee re Gd, and their 
= — . span Adio « = 

els (> @)> Ca), spanning A. Let P’ and N’ BoD mean Band..chese ee, 
piercings of a by B, and let L’ be their ers of positive om disc a 
L=0 L=1 L=2 L=0 thatL = L. jeter : TE ee 
eo) 


proof can be used to show that two spt ‘ 


Incidentally the same 
where intuition is less obvious and exp 
.De! 


linked in 5-dimensions. 
impossible. 

Definitions. To orient a curve means to choose one 
or other of the two directions going round the curve; 
the orientation is indicated by an arrow. To span : 
curve means to choose a disc whose boundary is the 
curve. The disc itself may be curved, and may a 
intersect itself if the curve happens to be knotted. CD 
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OC ON 


general position relative to b if 
and b will consist of a finite wis 
f a is not in general position relative ¢ 
€ to b Si: 
’ 


py moving 4 into 


intersection of a 


rturbation of a will bring it in 
and cure that defect, making the ncaa i. é 
Forget the closed curves and concentrate on the arc ~dimeng; 
ends will be the piercings of b by Aand a by B. on because nt) 
that at each point, if p 1s a vector giving the orienta ot thea’ = : 
and q, F are vectors giving positive piercing of a, b i Of the fs ea 
a right-handed set of axes. Then the front ends of dae 
the positive piercings of a by Band the negative tae dis 
while the back ends will be the complementary pie ings of j be ‘id 
number of front ends is the same as the nak But Aes 
Therefore Therefore ap af back ee 


Therefore L = 


+N=N +P. 
L’, as required. 
(iii) Finally suppose we chose a different disc b” spanning B 9; ue 
to a linking number L’. Then L” = L’ = Lby (i) , BiVing tise 
y" = Las required. 0 above, and gy _ 


One can define codes for links exactl 
. . as 
and the invariance theorem 15.1 ig the we 


es 


no codes 


Codes of links: 
definition is the same, 


Examples: 
OO 
all codes 


On the whole, in linking theory, codes are less useful than linkin 

However, when given curves for which L = 0, then codes m '§ numbers, 

showing that they are, nevertheless, linked. (See Questions 1 vs ‘ yee in 
: 6.4.) 


Remark: At first sight knotting and linking seem sia 
fact they are quite different srehcieats as pease similar, but in 
dimensions. Knotting is a codimension 2 problem Shien In higher 
(2n + 1)-dimensional problem. For instance a sphere can i“ linking is a 
dimensions [2] but unknotted in 5 dimensions [18], whereas tw knotted in 4 
be linked in 5 dimensions. Similarly a SO-dimensiontt sphe © spheres can 
in 52 dimensions but unknotted in 53 dimension if can be knotted 
dimensional spheres can be linked in 101 dimensions > Whereas iO) ae 


Further reading: 1 have found the f i : 

; ' ollowing book: : AY 

ae 1 on many of the topics: Coxeter [Oh Comankad Reena a 
ohn-Vossen [11], and Jennings [12]. ins [4], Hilbert 
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APPENDIX 1: Exercises 


spherical triangles 


e . 
verify that they satisfy Theorem 1. 


eS 


, A ngles ina tetrahedron 


yestion 2.1 
ow that in an equilateral tetrahedron each : 
solid angle is? sec 3 — edge angle is sec™'3, and each 
this and the following questi 
on, the inverse tri 
gonometrical 


functions are tO be evaluated in edge-angle units 


yestion 2:2 
A unit right- 
ynit distance 


angled tetrahedron is defined by takin 
along three perpendicular axes. Show fa 


AB,AC,AD = } 
edge-angles at 
BC, CD, DB tan-!./2 


A= 
solid-angles at é A 
B,C,D = tan“!y2 -4 
, B 


Question 2.3 
Dehn's tetrahedron is defined in a cube as shown 


Prove that AS 
A eee 
AB, CD 
edge-angles at) AC, BC, BD 


i] i] 
OK be co 


A, D = 
B,C 


| 
aa & 


solid-angles af 


4 ‘oi 
by drawing the net below on ual 
internal edges. folding them da ee 


cutting ov 
the other edges- 
Senha vz D 


v2 
v2 

Question 2.5 

Make 4 mirror e of Dehn's tetrahedron by A 

using the but folding the internal edges 

up (instead of down) before taping them together 

Question 2.6 o . 

Show that the plane bisecting perpendicular the di 

in a regular hexagon. agonal AD 


meets the 6 faces ! 


Question a7 
of Dehn's tetrahedron and 3 copies of its mirror 


Make 3 copies 

them together to form a cube, holding them together with 
round the hexagon of Question 2.6. ane 
Question 2.8 

Make Dehn's pentahedron, the union of his tetrahedro Pra. 
from the following net. n and ts 1 = 


v3 


Question 2.9 
Make 3 copies of Dehn's 

pentahedron, and sho st 
cube, held together by an elastic band as in patie a toge 


Concurrencies in a tetrahedron 


westion Fuk 
show that the centre of mass G of a 
each of the jos of midpoints of'copsieeaee ABCD is the mic te 


ny 


“ene 
es 


‘on 3.2 ; : : rele 
ahppeneuy 21 - t, wt 

Ps — rl Se Bi 

ar ' ?. 


Questi 
trahedron 4 = ABCD define the fac 
to be the I 


In a f© 7 
h the circumcentre of, and 1 to, a 


throug 
uidistant from A, B, C. Show that the | 


Question 3.3 . 

Ina tetrahedron A = ABCD define th é 
ints equidistant from the faces b, os 

meet at the incentre / of A. jaan 


Question 3.4 
Show that if 2 pairs of opposite edges o 
pair is also. alt -(— 


Question Bs fe 
Show that if the opposite edges of a tetra f 
altitude of the tetrahedron is the orthoce nt re 


Question 3.6 3% 
Show that in a tetrahedron ABCD if the altitude t 


of BCD then the opposite edges of ABCD are L. 


Question 3. 7 ' 
Given BCD, show that ABCD has op) 
the line through the orthocentre of, 
there are ° positions of A for whic 

for which they do meet. 
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yf ay 


4, Perspective 


Question 41 

tet Li be the eye, and X,¥,Z the 3 vanishi 
pointy for a cube, Let 1 be the foot of the pase 
onto XYZ, Show that is the orthocentre of XYZ 


Question 4.2 


Show that If X, ¥, Z are the vanishing points for a ¢ a fh 
Ube then y 


acute-angled triangle. 


Question 4.3 
With the notation of Question 4.1, show that if XYZ j 
of side | then EH = 1/V6. YZis an 


Question 4.4 
The diagram shows a perspective drawing of 

Ne lay a cube wi 
\. Y, Zand H the orthocentre of XYZ. et 


Cut out a cardboard shape as shown below 
, punch 

the lines to form a peephole. Place the reels ois Z d 
the peephole confirm that the cube looks cubical. eae 
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ion 4.9 
on 
quest game peephole as in the last question, placed 
using oe iook cubical, of the same size, pry ‘ ne confirm that 


yestion 4.6 svelammninted 
Jlowing perspective wing of a cube uses oie . 
ms the edges, where XY is horizontal, and “ae iisuherate X,Y 
vertical (in effect Z has descended to minus infinity). Prove that aon drawn 
“11 100k like cuboid whenever the eye is placed on the nba 
eye neat x and rotating the paper so as to slide the eye round ‘ Ns acing the 
to y. Watch the box changing from a matchbox shape when the te 
x to a cube when the eye is in front of C. e eye begins 


near X to 8 OU 
x C y 


<< Me te eS 
| 9 lest Seles. deem 


eee ¥ 3 y ‘e Meanengnle “Fe: a7 es I 4 
ee A Bi Sydioseet ae 5 ag tate “ 
fa % yea : . 
JPR ND Ss SS ely 
[MN WE He =a 


5, Desargues' theorem 


Question 5.1 i 
Suppose triangles T, T’ are coplanar. Use the 3-dimensional " 
show that they are in point perspective if ° snsional 
perspective. ai oe i 


34 


Question 5,2 

Suppose riangles T,T are coplanar. Without appealin 
rem 5 use projective coordinates to show Pe 1 the 3, 
are in line perspective. if they a 


6, Regular polyhedra 


Question 61 
List the numbers 
polyhedra, and veri 


and vertices of each of the 5 


of faces, edges 
fies Euler's formula, 


fy thal each satis 


legular 


Question 6,2 


Make the 5 regular polyhedra. 


Question 6,3 
Let ¢,m,! ¢ the diameters of the circumsphere, mi 
lar polyhedron of edge 1. Prove that 0 miele and 
+ 1, and 


insphere of a regu 
that if the polyhedron has triangu 


Question 6.4 
F the 3 spheres associated with 
each of the 
regular 


Prove that the diameters 0 
tetrahedron and octahedron are as in Theorem 62, 


Question 6,5 
Show that in a regular pentagon of edge 1 the 
is the positive solution of ! 


diagonal 8 
g-g-l= 0, namely g = (1 + V5)/2. 


ed g the golden ratio. He called i i 

the ratio of diagonal to edge in any regular eee a because itis 
introduced by Buclid in [8, Book VI, Definition 3]. He Bes © originally 
have been cut in extreme and mean ratio when, as the whol gi : ; line 
greater segment, $0 is the greater to the less. In other word te ite Ce 
lengths of the two segments into which the line has been if tet Owe 


(a + b)/a = alb gb ee 
0 “alb g. 


Remark; Kepler call 


u 
ul 


. (albp - a/b - | 


Question 6.6 


Show that the diameters of t 


pentagon of edge | are y1 + 2/V5 and V2 + 2/v5 


he incircle and circumeircle of a regular 
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uestion 67 f 

ise tn a 

ge 8 (tne BO 10), $0 each face embedded ; 

ie ose Deduce the diameters of es the cube contig an ae 

osaneorom as in Theorem 6,2, 3 spheres asenes a edge of 
“ated With the 


gdecahe 


4, spheres associated with the » Deduce the di 
the 3 §P dodecahedron, as in Ty the diameters of 


62, 


cguestion 69 
make 4 gjella octangula, which is the non-con 
vex union of dual 


pst the numbers of faces, edges and vertices 
nylers formula. and veri 
3 fy that they satisfy 


yestion 610 
pestricting the faces to triangles, squar 
there are exactly 15 semi-regular polyh pipe and hexagons 

Cy Satisfy Euler’ 
§ 


formula. 


Question 61] 

Make the 15 semi-regular polyhedra, N 

puckminsterfullerene, and the snub ee the midedge dodecaheds 
particularly beautiful. and snub dodecahedron By 


Question 6.12 
Make @ rhombic dodecahedron from the following net 


Question 6.13 
Verify that the rhombic dodecahedron satisfies Euler's formul: me 
mula, 
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56 
1, Rotation groups 


Question 7.1 
show thal D, 8 (he f 


‘ tation group of the n-prism (nx aa 
antiprism () # 3), Expl 4) and | 


in why there are the 2 exceptions 


Question ne 


ghoww that Ds ition group of the twisted mitred cube 


is the rol 


Question 73 % 
Write out the 2x 12 multiplication table for Ay, Hint; ee 
then the (2,2)cyeles and finally the 3-cycles. * Put the ido iy . 

4 Ww 
he mitred 
by a trang! 
e sume us 
, inherit 


Question 7, 
Show that t 
tetrahedron 
triangle, is th 
§, rather ihan A 


tetrahedron, defined by replacing e is 
e, cach edge by a square and each a Verto 
the midedge cube, Explain why its Ace by 4 
ed from the tetrahedron, rotation 


Question 75 
Show that the rotation group of a rhombus is D, = 
multiplication table and verify that itis abelian, + Write 


§,  Tessellations and sphere packings 
Question &d 


Show there in a t 


essellation of it" using Dehn' P. 
: ns te ‘g 
image in equal numbers, trahedron and ity mp) 


Question 8.2 
Show there is 4 tesse 
2,8), 


Hlation of Rt" using Dehn's pentahedron (see 


Question 8.3 
Show there is a tessellation of Re’ ; 
$ Ate using right-angled tetrah a 
edra and reg. 


tetrahedra of edge V2, in the ratio of 4:1, 


Question 8.4 
Show there is a tessellation of R* using regular tetrahedra and 
and octa 


the ratio of 2:1, 
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questi” 8.5 re 

y man spheres are ere in a tetrah 

ye built according to the nie of spheres, of 

retranedron with marbles and glass-to-glass FoR Ra aie sth 4 
ule, anes Such 9 


question 8.6 
ae qanote Oe packing of spheres and B th ¥ 
e ip 


sI ow that (ina large region) the ratio of 

A io that of Bis ay /2, and that the ratio beads sets ina layer of 

pis Of layers of A to th 
to that 


2/ V3. Hence the number of 
of Bee Spheres in bo 
contitmine fheorem 8,2, th packings is the ¢ 
© same, 
yuestion 8.7 : 
Make ! shombic-trapezoid dodecahedron from the 
followin 
Ing net, 
9H) 
Question &8 halla ati a, 
Verity that the rhombie-trapezold dodecahedron hi -: . 
1 his the same numbers of 


{cess 
patterns 


edges und vertices as the rhomble dodecahes 
and identify Its ue Describe the vertex 
e ie - Be i ot, 2 een) 


jee 
hae 2 ee 
: é ; 


nh 
hie’ Meo vehihe Sine SL, 


Question 8.9 
show that the cells of the tessella' i ' 
packing are rhombic-trapezoid ras of R induced by 


a 


j< a hyperbola. (Here, and in Questig 


Question 9.3 
Show that, in a sui 


eG) 


table coordinate system, the equation of a 


Question 94 
Show that ifa = A the conic is a parabola. 
Question 9.5 

Show that, in a sui 
y = 4ar. 


table coordinate system, the equation of a 


Question 9.6 

Explain why a circle looks elliptical when viewed from a poin ; : 
Question 9.7 
Describe the shape of a crescent moon. 


: 
/ 
; 
] 


inversion 


12. Rings of spheres : intel) 
Question 12.1 cp 2 a 
Show that in general a tetrahedk 


Question 12.2 
prove that the following 3 condi 
(i) The 3 sums of opposite edg 

(ii) There exists a midsphere t 
(iii) There are 4 spheres cer 
another. x 2 
Show that the 6 points of cont 4 
midsphere touches the 6 edges. eden 


Question 12.3 eae ot Ie 4 
Show chat if a 4-ring Of soe 

spheres lie in a plane. Show, furthe 

planes are 1. ve 


Question 13.2 a 
Prove mg caculs, thatthe volume of a sphere of ra | S 


14, Map projections 


Question 14.1 ae : : a 
central has ratio of vertical expansic 
sori equal 1 cosec@ at latitude ~8, and is therefore not g 


Question 14.2 : 

srstns at atid 6, confirming that i is conformal 

15. Knotting 

Question 15.1 tr 

Show that codes are a generalisation of 3-colouring. 

Question 15.2 B. 
Show that the product of the trefoil and the square knot has oo tes 


Question 15.3 wee 
Prove that the codes of all the prime knots with fewer than 8 oro 
shown in the diagram at the end of Section IS. a7 
Question /5.4 es 
Prove that any knot has only a finite number of codes, 
Question 15.5 es. 


4 


Show tha the square knot is equal to its reflection, 


Se ee aT ms 
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APPENDIX 2; Solutions 


1. Spherical triangles 


Solution JJ 
Angle = 1 (360°) 
A+Bt+ 


— 120°. Area= ES. 


1 
C = 300 = 180(1 + 4(43)). o 


Angles in 4 tetrahedron 
Solution 21 
Suppose the edges of 


of length 1. 
By symmetry alj the edge-angles are 
equal, and all the solid-angles are equal. 
Let E be the midpoint of AB. 

V3/2. 


By Pythagoras CE = DE.= 
le of AB = ZCED. 


the tetrahedron are A 


Let @ = edge-ang 
From the cosine formula for triangle Cc 
CDE, 
{= j + } — 2.3. cos 
-.3cos@ = 3 * cos@ = 4-0 = cos'4 = sec"'3 = 70.5 
ae (53308 


i : . “s -13 = 
-. in edge-angle units@ = sec” 3 = 253 = 0.1959... . 


By Theorem 2. solid-angle = 1(6 sec7!3 — 1) = #sec"'3 - 3 = 0.0439 
0439... 9 


Solution 2.2 


and so their edge-angles are each 4. 
midpoint of BC. By 
Let@ = ZAED = edge-angles at Bi 
Then tan@ = V2. --9 = tan“! V2 = 54,74...°. 


«in edge-angle units 0 = tan-!\/2 = 34 = 0.1520... 

Solid-angle at A = g, since there are 8 quadrants. 

Let y = solid-angle at B,C, D. Then by Theorem 2, 
b+ 3y = 3+ 3 tan"! v2 - 1 

3y = 3tan' v2 -; 


yp = tan'y2 - § = 0.0270... O 


% 
, 


ONAL THEOREMS FOr 
SCHOOLS 


pn DENS! 


on 
‘s teil 
jn DE 


gas 
e faces e 1 imi 
_~ 4, Similarly for AC, BD. One 
4 , . 
fill 


le 
gge-ane 2 7 
oe 6 oe ABED, AFED: Onn 
ig images) ; ABED, AFED, AFGD are 
o Gee also Question 2.7.) Each of , AHGD, 
these has 


AH” ne ed 
ge-angle at AD, and they ; 
the; The solid-angles of the 6 tetra Je Therefore shee 
sum to the soli 
80 at 


1S 6° 2 
AD © nich is $- Therefore the solid-angle at A j 
is 


ce d gles at 
;d-an 
solid: Og. Similarly at C. 


2... 
—+— = = 3 
48 16 a+ ghee. 


solution 2.6 
ints of the 6 edges of the cube not con 

taining A, D are equidi 

the cube, which 

symmetry, it is 


The geass fe th 
_ Therefore so are eir 6 joins on the 
6 faces of 


rom A, 
rogethe 
regular. 


tion 2.10 
sec '3,Y = tan7! V2. 


4 (in edge-angle units). 


Solu 
Let? = 
temma: 8 + 2y = 
Proof: 

2 cos?40 -— 1 = 4 


. costd0 = 4  % Cosh = ff 
y= tan”! 22 sin /3 
10 + y= 90° 
Solid-angle atA = (3 sec~!3 — 4) + 3(tan™! V2 -4) 
= 30 -4+3y- ; 
3(0 + 2p) - 8 
= — §, by the Lemma 
= | =solid-angle of th 
at AB= sec'3 + 2 tan! ae 
= 4, by the Lemma 


i 


Edge-angle 


= edge-angle at a face of the cube. O 


B of the 2 tetrahedra with a y Le Similarly we 


, form a hexagon in the plane bisecting AD. B 
ieey 


su + 2p = 4 (in edge-a 


} 


gle units). O 


of a 
sum to }, and hens 


é 
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3. Concurrencies ina tetrahedron 
Solution 3.1 
1 (* +b te c+ 4) 
€ Fagin? Pada 

jon 3.2 
§ lies on the face-trisector of ABC because SA = SB = 
lies on the © face-trisectors. 

vertex-trisector By: iy 


I lies on the 


Similarly for ¢ trisectors. O 


Solution 3.3 
of A because it is equidi Pi 
: Stant ci 
from b, ek, 


. 


he other vertex- 


Solution 3.4 
Let a, b, ¢, d denote the coordinates of the vertices A, B, C, D 
ABLCD = (a- b).(e- @) “= 


ACLBD => (a- c).(b — d) 


"if 
o° 


Multiply out, subtract and factorise. 


~ (a — d).(¢ —b) = 0 


Solution 3.5 
Let AE be the altitude of 


Then AE 1 BCD. 
> AELCD. 
But ABL CD, by hypothesis. ma 
ABE1 CD. = 


BE1 CD. 
~ BE is an altitude of BCD. Similarly CE, DE are altitudes of BC, 
D, and so 


F is the orthocentre of BCD. o 


ABCD through A. A 


Solution 3.6 
Let E be the orthocentre of BCD. 
Then AE 1 BCD, since by hypothesis AE is an altitude of ABCD. a P 


AE 1 CD. 
Also BE 1 CD since F is the orth 
X ocentre 
a of BCD. 
. AB 1 CD. 
Similarly for the other 2 pairs of opposite edges. 0 


-. ADLBC. O ; oh 


NSIONAL TH 
pE-DIME EOREMS FOR scy 
OOLs 


nati teh 
golutio” r 
the line through the orthoc 6s 
pet LO ite edges are 1b centre of, 
posite 8 y Question 36. Gantt | 
een A lies om L by Question 35. or Conversely te If A lies 
‘here are <o positions for A on L, and co? due A eee 2 
ns for 4 ie aes 
* Rot on on | —_ 
i perspective Lo >but 
solution 4.1 
pXLE Y, 
 EXLE YZ 
| XLS 
eY 1 ZX and EZ1 XY. Tt 
re pairs 


similarly edges 0 ‘dete 

6 ysite e tetrahedro 

ot 4, sae the altitude through E Beco aie: are al 
hrough the 


There re) 
orthocentre of XYZ by Question 3.5. 0 


solution 4.2 . 
_ EY, are perpendicular axes. Th be 
jadrant relative to those axes. Therefo 3 


ar of XYZ. Therefore XYZ is an 
Solution 4.3 , 
EX = - EZ = 4. Therefore wit 
to axes EX, EY, the onions 
coordinates ee 
a 
—_ 1 1 1 ars = 3 
Wp ( ) EH 


Solution 4.6 eta 
As Z descends to minus infinity the 5 
become the same horizontal plane th heist 
Ny cuts this plane in a horizor ., 
semicircle in front of the picture Rene 
these points the picture will look like Pee 
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5, Desarg 


Solution 5.1 
Let [1 be the pl 
Suppose they are In 


ues' Theorem 


ane containing 
point perspective from V. 


ts U 
of UY, U’Y’ and ye 
ra XYZ: Let L be the line of intersection of IT with 

of L with Y°Z", 2X. ae 


Let A, B, C be the intersections 
int perspective from U. and 


Now T. 77 are in pot 
perspective by Theorem 5. Therefore YZ goes through A. Si 
‘A. since T’. T are in point perspective fro Sin 
A. Similarly the other two pairs of m U*, 
T. T’ are in line perspective as requi 


T. T are in line 
ZX meet at B, and XY, XY meet at C 


Conversely 
YZ meet at A. ZX. 


the triangles T = X¥YZ,7" _ , 
> = x Fi 


sides 


ive on L = ABC, ele 


_pIMENSIONA® TAEOREMS FOR SCHOO 
LS 
| 


n L = AC by the aber ee from With ¥°2r 
j ive. Therefore V, and ,’ and 
ZX = ZK ae goes then 
ed | os Z, =Z igh 


Ts are in point perspective. QO Ae, T, = T’ 5 


‘on 5-2 
solution 5 ai 
rojectlVe coor inates x = (x;, x, 
The P “Ok and are unique up to Paeeeee as Point X in the . 
M-ZETO scalars, € are not 


x 


since V. 
YY = dv + px, with? 
Aus. a 
<d owe ae 


Keeping ¥ ap we can. rechoose fie ae 
muluplying them y scalars Al ye c Cordinate TC n ates x, ¥ , ib * ay Poe a 


“ 


M Pe, 


De ee ee pe 
y al ei bec = 


i = ae £5) 
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6. Regular polyhedra 


Solution 6.1 
Polyhedron 


Numbers of 


edges vertices 


tetrahedron 4-644 
cube 6-1248 =2 
octahedron 8-12 46 ae 
icosahedron 20-304 19 =2 
dodecahedron 12 12-3049 Ks 
Solution 6.2 = 


I suggest two possible ways of making the 5 regular polyhedra, 
to use drinking straws and cotton. Thread 
a pi 


(i) A cheap way is ; 
cotton through the straws representing the edges of each face pull Plece of 
knot. One can stop the cotton from cutting through the straws bye and 
Windin 
8 


sticky tape twice round each end of each straw. These mak 

that are surprisingly rigid, but not very robust. € large Model, 

(ii) A more elegant, quick and easy way (but more expensive) ; 
Polydron Frameworks, invented by Edward Harvey, and sold ie is to y 

International Ltd [15]. The pieces are plastic boundaries ne Polydron 

d hexagons, all of edge length 7cm Which aanéles 

’ c ever ’ 


squares, pentagons an 
clip together to form beautiful robust models. You can get differ 
but all my own models are green. ent colours 


O 


5 


Solution 6.3 
Join an edge AB to the centre O of the polyhedron 


and use Pythagoras: co =m + 1. 
Suppose now that the faces are equilateral triangles. 
Let AX be an altitude of a face ABC, and E the 4 


centroid (= orthocentre) of the face. Then 
AX = 4v3. 


« EX = AX = 5. 
By Pythagoras in AOEX, OE = $, OX = F.- 


-me =i t+}. 0 


Solution 6.4 


A regular tetrahedron of edge 
edge '/\3. Therefore the circumdiameter of the tetrahedron 


is the diagonal of the cube, V3 (1/3). The middiameter of 
the tetrahedron is the distance between opposite edges 
which is the same as the edge of the cube, '/ys. The 
indiameter of the tetrahedron is given by Question 6.3: 


1 is contained in a cube of 
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pag 3 2. tie es 

e edron of edge 1 the midsection ; 
segue The circumdiameter of the Sgiahe 

a tween SOOO The ai which is the sam 
gist of the square, 2; The middiameter of the ie as the 
jiaeo” gistance between opposite edges, whieh eee 
is Wi the edge of the square, 1. The indiameter ig aie oe 
n 


m 
ion 3 3 3 0 


tion 6.5 
pp be a regular pentagon of edge 1. 


DIMENSION 


8 @ Square 
TON is the 


of 


Y Question 6.3: 


sol 
ae ae is AC = BE = g. Now CDEF is a 
rhe ae arallel and equal Thombus, since opposi 
mm PPposite 
4 FC = FE = 1. A 
FA & FF BOS TS a. 
: B 
h jgosceles triangles FAB, ABE are similar. é 
FAS AB 
’ AB BE 
Sah ae : Z 
1 sh | ei 
. 2 4 
oe 7g ol =O 
; 1 
“8 = 2N5, 
ies LAE 0, the positive root is chosen. 0 


Solution 6.6 ; Ppt 
td, ¢ be the diameters of the incircle, circumci (ines 
LX Let a be the altitude: a = ld + te By Raed regular pentagon 
P ras 


of edge 1: 
a@=g-h 
= (158) - 4 
= (1 + 2VS.+ 54) 
@ = SNE 
Now e = @ + 1, by Pythagoras. ..e = Vd? + 1. 


70 


ogeva +1 d+e = 2a = V5 + 2W5 
o oie 5 +2v5-d 
fe = 5 + NS ~ 2dV5 + 25 + gt 


als + WS = 4+ 25 = 2(2 + V5) 
di Pi Th age A tees 2% 
EES + IND Ja + V5)V5 ibm. ~i+d 


———— 2 * 
en Er a i+ yri= +a 


Solution 6.7 
Consider a cube of edge g, with rectangular axes x, y, z. Put 
length | in the middle of each face of the cube, parallel to the Cdge of 


according as to whether the face of the cube is parallel to the ( Ys Z-axis 
(z, x)-planes. * Ys (y, 2), 


VA 


Zz 
ae 
x 
Join the closest ends of the edges in neighbouring faces. Writi ce 
in the diagram as a vector: ing the join 4g 


AB a (4, 5 45+) 
«, [ABP =4(1 + 9? + (g- 1) = 4(28? — 28 + 2) = 1, since g?— g = 4 


Hence all the joins have length 1, and so we have an icosahedron of ed 
The middiameter m is the distance between opposite ed : ati 1. 
same as an edge of the cube, ges, which is the 
m=g= 1+ V5 


By Question 6.3 the circumdiameter c is given by 


Loree ews Se 
y —— 


Again by Question 6.3 the indiameter i is given by 


te (oy - P21. (Eee 
2, 3 12 W3.s 
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pe 
qk 58 71 
jon” f the dodecahedron 

gol » the centre O° and XY an ed 

0 flection in the plane OXY the di Be (of len 
pet” cry of fe iagonal AB |. gth 1), 
gyn? E OXY, By 


poe AB 1 AD, BC, since the latter ar 
, AB iy ie Therefore ABCD is a square of ode eee Similarly 
cD als of the pentagonal faces (see Question 6 5) ; it consists of 
dine are squares: The 3 squares determine a cube hase imilarly ABEF, 
G arly each diagonal of a face of the dode ct 

5 diagonals of a face determine 5 different on determines 4 
cube: he cubes are determined by the 12 x 5 diagonals al 12 
of 


msphere of the dodecahedron is the same 
has diameter as that of the cube, 


€ circu 
and therefore 


=o 


py Quest 
3(6 + 25 
ere 3(6 + Wie 


ate the indiameter i we join O to an. altit 


‘on 6.3 the middiameter of the dodecahedron is given b 
) ee ae wen by 
\ ? f d 3Y 7 


To calcul 
pythagoras- stds > 
; = Vite d’, whered = t 4 2/5 by Qu 
ps ee 
2 5 prion i 
ie 25+ 1IVv5 4 a0 lees 
10 
Solution 6.9 
The stella octangula has 24 triangular faces, 36 
verify that 24 — 36.+ 14.—3 228 C 


gg 
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= THE MATHEMATICAL Asso 4REE+ 3 
TION Global Name of semi- Bulec? 
Solution 6.10 yerte® pattern regular polyhedron F it ys , ‘ Rotation 
. t : ‘ of 3s 3-pris 

The classification of semi-regular polyhedra having faces with < Gea pater? ee) 2 + 3s vee S303 6e5 is 
proved by listing all possible vertex patterns. Let t, S, P, h denote tri Res jg pt rp gr + 18s mitred cube 26~agieduaan i 
squares, pentagons and hexagons, which have internal angles 60 es, ,+ 35 apciie twisted ndtfed Gane . Sy 
wad 120 degrees. The symbol ¢ + 2s, for example, indicates if in 10g ree AE +o) 6-48 +24 = 9 D, 
pattern of | triangle and 2 squares, whicd has angle sum 240, ang genewae 7. gr + 6s midedge cube 4-2412—2 5 
the 3-prism, with global pattern 2¢ + 3s. Each vertex pattern must h tes gtr gr + 2s 4-antiprism ‘6 
least 3 faces and must have an angle sum of less than 360, Which Line’ at 4 + Ss Wh 2 6 ve ape 16+8=2 D, 

i eR ’ S snub cu 
choice to 19 possibilities as follows. the me ar 32r + 38-60+24=2 5, 

2 12p midedge dodecahedro 

+S 210 x 2t+h 240 - B 201 + n 32-60+30=2 

~ x ot + 2p As 

3r+s 270 © 3t +h 300 é on 10r+2p _5-antiprism 12-20+10=2  p, 

+P 
4n+s 330 © fat 2h 300 ) | 3 & 801+12p snub dodecahedron 92-150+60=2 
t+ 2s 240 © a+ P da 
CO 41+ 4h truncated tetrahedron 8-18+12=2 
2t + 2s 300 o% Boe 288 fo) pe: 12¢+2h — 6-antipri a 
t+ -antiprism af 
t + 3s 330 ©O Ss + 2p 306 :, gph te? : 14-24+12=2 py 
5s + 2p -prism a 2 
as + P en 3 aes Ds 
Of +p 228 x 2s Sf 300 6 oh oo. 6s + 8h truncated octahedron 14-36+24=2 §, 
+ ‘ 
3t +p 288 fo} Ss 330 © ji & 6s + 2h 6-prism 8-18+12=2 De 
4t + p 348 g. oe 12p+20h buckminsterfull 
+ eren - 
Sop 216 s 2p +h 336 is peak YP P © 32-90+60=2 A, 
ox ‘ ‘ ‘ 

2t + 2p 336 This completes the classification of semi-regular polyhedra having faces 

In the above list, the first column denotes the vertex pattern, the second its with at most 6 edges. 


angle sum, and the third indicates whether or not it generates a semi-regular 
polyhedron. The symbol © indicates that it does, and a x indicates that it 
does not. For instance 2¢ + 5S, 2t + p, 2t + h generate 4, 5, 6-pyramids 
which are ruled out because the vertex at the top of a pyramid does not have 


Solution 6.13 


The rhombic dodecahedron has 12 faces, 24 edges and 14 vertices. We 


the same pattern as the other vertices. Meanwhile t + 2p, s + 2p faj verify that 

because if oe tries to generate a polyhedron from either of these sane 12 — 24 + 14 = 27-8 | is 

then it does not close up. The patterns 2¢ par Zia P are indicated with i ‘ 

both © and x because, in the vertex pattern, if the triangles alternate with th é bs RNS ge 

other 2 faces then it does indeed generate a semi-regular polyhedron, but if 7, Rotation Groups » aie 

they do not alternate then either it does not close up, or else generates a Solution 7.1 let he a 
polyhedron with different types of vertex pattern, and hence is not semi- Given an n-prism P,n # 4, the plane halfway between 4, Yt wet: ee 
regular. Finally ¢ + 3s has a double symbol © © because it generates two : and bottom meets the sides in an n-gon Q. Any Je Pre 
different polyhedra, whereas all the others generate a unique polyhedron. ae n of P induces a rotation of Q, and vice versa. ide 4) a a 
The list of 15 marked © is shown below in detail, and agrees with the list of af refore the rotation group of P is the same as that of VEZ ck 
15 semi-regular polyhedra described in Section 6. The list of rotation groups ene D,. 

in the last column refers to the results of Section 7. ao atlwe " 4 is exceptional because the 4-prism is a cube, and so there 


are extra symmetries, which are not in D,, that rotate the top and bottom of 
the cube onto the sides. Therefore the rotation group is S, rather than its 


subgroup D4. 


714 
A, n # 3, the halfway 
plane meets the sides in a 2n-gon B. Let C be an n- 
gon joining every other vertex of B. Then any 
rotation of A induces a rotation of C, and vice versa. 
Therefore the rotation group of A is the same as that 


of C, namely D,- The c 


Given an n-antiprism 


here are extra symme i i 
y tries, which are not jn ™M is 


ase n = 3 is exceptional because th 
© 3-antipre, sie 


Chak x 
A 


an octahedron, and so t 

rotate the top and bottom onto the sides. Therefore the Ot in Ds, th 

again Ss rather than its subgroup D3. oO rotation aroun f 
ao, 

Solution 7.2 

In the twisted mitred cube T there is a unique octagonal 

ring of 8 squares (as opposed to the mitred cube in —_ \. 


which there are 3 such rings). Therefore any rotation < 
must send this ring to itself. Regarding this ring as \ \ 


horizontal, let S be a horizontal square joining the 
midpoints of every other vertical edge of the ring. Then eve : 
induces a rotation of S, and vice versa. Hence the rotation etoun cree of T 
Of T is th 
e 


same as that of S, namely Ds. O 


Solution 7.3 
The multiplication table for Ay is: 


12.34 13.24 14.23 123 132 124 142 13 
4 143 
13.24 14.23 234 3 


123411234 1 14.23 13.24] 134 234 143 24 
13.24|13.24 14.23 1 12.34] 243 124 132 = ae pe ae ee 
14.23 1234 1 a a ae 
123 132 14.23 234 124 12341394 a 
132 1 123 134 13.24 14.23 243 149 ee 
124 13.24 243 142 1 12.34 123 134 wi 
12 143 14.23 1 124 234 13,24 12.34 pe 
13 234 12.34 13.24 132 143 1 14.23 a 

14.23 142 243 1234 1 134 123 oe 


12.34 134 123 14.23 13.24 
: , 142 24 
124 13.24 12.34 143 132 14.23 € sh 


Writing the (2,2)-c 
Q, ycles first reveals that they, to : : 
form an abelian subgroup of order 4 Gsomorphte to eee the identity, 


pHREP 


n74 

ex of the mitred tetrahedron li 
ach i xe coming from a vance on 2 
edron and the other from a face, separated a 

coming from edges of the tetr. See 
wef ore the mitred tetrahedron has vertex patt n. 
T Ms global pattern 8t + 6s, with 14 F. em 
2t and 12 vertices, the same as the éadetectaene 
identification can be visualised from th bape: (see Quest 
re nedron in a cube. The rotation of order 2 ane embed 
rie ; is induced by the rotation of the cube about hi the jo 
v site edges, but is not induced by any rotation ae € join of 
OPF erchanges 2 triangles, one derived from a the tetrahe 
it a Therefore the rotation group is S, in iaeanen , 
Ag. gubgrouP A, from the tetrahedron. OO 3——™ 
solution 7.5 : ere W tem 2: 

mbus has 3 rotations @, a, Bestotdess - 

. ation table is the same as that of D. 


ogee 


table iS symmetric about the leading diagonal. | 
., Ree 
a cts, 
; 


g. Tessellations and sphere packings s ied 
. et gut aan 


Solution 8.1 
Use the cubic tessellation, and fill ar 


Dehn's tetrahedra and 3 mirror images. 


Solution 8.2 
Use Question 2.9 lel 


Solution 8.3 
Use Question 2.10. O 


Solution 8.4 
In the cubic lattice place a tetrahedron insi a 
are at odd points of the lattice (points y inside 
sum), Then at each even point there wi be 8 BS SON 
union is a regular octahedron of eden 57 right-ang 
8 right-angled tetrahedra, and hanes to 2 ee es 


16 THE MATHEMATICAL ASsocI4, 
ON 


Solution 8.5 


A barrow boy's tetrahedron, of edge 4, contains 1 +3+6+10 = 29 sch 
Cres, 


0 


Solution 8.6 


Suppose the spheres have radius 1. The distance 


between two rows in a layer of Ais 2, while that in B 
is V3, Therefore in a large region the ratio of 
numbers of spheres in a layer of A to that in B is 
¥3/2. 

in the second layer of A each sphere sits on 4 
spheres, and their centres form a square pyramid of 4 
edge 2. An altitude of a sloping face of the pyramid 
is V3, and hence the height of the pyramid is v2. 
Therefore the height between two layers is V2. 
Meanwhile in B we use a triangular pyramid because : 
each sphere sits on 3 spheres. The height of a triangular pyramid js 

dis 2V273, 


at is the height between two layers of B. 
Hence the ratio between heights of layers in A and B 
is V2/(2\/273) = 3/2. Therefore the ratio 2 3 V3 
between the number of layers in A and B is 2/V3, vi 
Therefore the number of spheres in A and B is the | m 
Solution 8.8 
The rhombic-trapezoid dodecahedron has 12 faces, 24 edges 
vertices, the same as the rhombic dodecahedron, 2 vertices sett and 14 
rhombi meeting at their larger angles; 6 vertices each have | re have 3 
trapezia meeting at their larger angles; and 6 vertices each hay a and 2 
and 2 trapezia meeting at their smaller angles, The rotation your iy 

§ ’ 


induced by rotations of the triangle joining the midpoint 
al ; oints of 
edges, 0 points of the 3 longest 


and so th 


same, confirming Theorem 8.2. 0 


Solution &9 
The tessellation induced by the hexagonal ing i 
\ packing is am 
the barrow boy's tessellation, In the latter each sidatele pier - 
stacked so that the line joining two vertices where 3 rhombi meet i ee: 
There are 3 rhombi at the top, 3 at the bottom, and 6 round the id it 
horizontal midplane cuts the 6 side faces in a hexagon “inne Ne 
The main differing feature of tt 
Th the hexagonal packing is th 

reflectional symmetry in the midplane. Hence a cel of mpi Tees 
tessellation is the same below the midplane as the rhombic dodecaieeeth 
and above the midplane is its reflection. Therefore each side rh ee 
replaced by a trapezium, nr 


f 
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qHRE 
3 7) 
3 
3 4 3 
3 rhombi at th : 
acre cell has 3 rhomb! at the top, 3 at the bo 
, mde forming the rhombic-trapezoid dodec ase . 6 trapezia as 
! : ’ 


Conics 


golution 9] 


Q 


2 
the conic, the intersection betw 
‘ een 
B implies that the plane meets mere 


solution 9 
et H be 


condition a> 
show! 


and cone, The 
Of the cone ag 


TS 
Let S, 


cut C. 


Solution 9.3 
a, with foot FY F’ at (te, 0). 


Let A 

then AF = AF # (a+ ¢) - 

When X (x,y) then | ( 

Square: 

(x? + y+ c+ Qex) + (x? + y+ Ps 
= av 

Square: 


(vay +e) 


Let b’ 


S be the OwO § « wuching both the cone in ‘ —— 
. es rch tte cone, Give © al ome 
eae 


in pot F. F’. Let 
C inG, &. Thee 
xr eX 


and XF 
xX 


be the hyperde! 


e (a, () be the positive 
(¢ = a) = 2a. 


(ory -Ve= oP +] = 2a, by | 


Z| 


G. deing tangents from X to § 
” YG’, being tangents from X to S° 


Ty yp+e? + Ia(e+ Pte - 


avie+ P+ ap = 4ci2 = (x° + y +c) 


1 adda (e+ ft ey ele + 
ae - a(t + ¥ + c’) = =at fe 
(em ae = dtyt = P(A 


= c- a, wherec > 4 


x 


a 


vertex. Let x be a point on 


y 


- 2cx) 


ime es > 0. Then dé 
y-G) eno 


xy = x’G’, being parallel segm ath: ne 
__ XG, being the distance betwee : 
~ XF, being cangetits from 
qherefore X is equidistant fh om F 
parabola. I . 


Solution 9.5 ee 
parabola P has focus F = (a, 
SF = (a 


Suppose the 


Let X = (x, y) be a point on P. Then 0 


ctan ene % 


Pe 


80 THE MATHEMATICAL 
ASSOCIA: 
TION 


2 2 2 
v4 2ax+a =X -2axt+a+y 


.y = 4a. 0 


olution 9.6 

Let E be the eye, and C the circle. Let O be the centre, and a the paa: 

C, and IT the plane containing C. Let EX be the 1 from E onto tie of 
- Let 


meet C in the diameter YZ, and let AB be the 1 diameter. Let Ey 4, XO 


angle bisector of Z YEZ. 


Let Q be the circular cone with vertex E and axis EM through y 

Then Q meets IT in an ellipse K, by Theorem 9.1, with major axis oe Z. 

touching C at Y, Z. Let Q meet AB in A’, B’. Then A’B’ is the mino e. and 

K. Letb = OA’ = OB. The whole picture is symmetrical about nee of 

EXY. Let f be the linear expansion of R? that keeps the plane Exy © plane 

fixed, and expands the axis AB by a factor a/b. Pointwise 
We claim f(K) = C. For, with respect to axes OY, OA, the ellipse x 


has equation 
x 2 y 2 
(=) + (2) = 1, by Theorem 9.2. 
Now f maps (x,y) to (, y) where y = $Y. 
f(K) = C because 

dE é iy. é 2 2 
(=) + () = l,andsor +y¥ =a. 
Similarly f maps circles to ellipses, and hence f maps the circular cone Q 
onto an elliptical cone f (Q). More precisely EM is the axis of the cone Q 
and if ¥ is a plane | EM, then Q meets Lin acircle C’, and Q is the cone on 
C’. Therefore f(Q) is the cone on the ellipse f(C’), and is therefore an 
elliptical cone. But Q > K and so f (Q) > f (K) = C. Therefore C looks 
elliptical to the eye E. O 


let 
OBEY = x. Therefore 
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tion 9.7 scent moon is a semici 
Sara cre micircle from Ato B 


soli ade 
lst ircular boundary C of 
qne.. palf the CH”. of the mn ain 
nich 3S h th, The inside of the crescent moana 
e 


fro" oF ee that circle bounding the half of the moon lit 
e a Question 9.6 that circle looks to the ev toy 
py : f touching © 2 A and B. Therefore the aaa B Cc 
af ae. half the region between the circle C and the inscrj 
moon ie complementary region inside C is lit it is called ae ellipse F. 
4s Moon, 


whe jay most artists are not aware of these facts, and so if 
crescent moon they tend to paint the inside as an they have to 
paint © circle. thereby creating nonzero angles at A and au Ss another 
» Which look 


(1asge) ne eye compared with the delicac ; 
to t ¥ Of the points of the real 


0 Inversion 


tion 10.1 . . 
iagram shows by isosceles triangles that the angle subte ded b 
n 
ya 


{ diag 
ghe lef q circle is half that subtended at the centre O. The right di 
‘ lagram 


chord als th 
snows that the latter equals e angle between the chord and tangent, 


Solution 10.2 
tf be inversion with respect to the sphere centre O ; 
pee f maps sphere A to sphere A’. and radius k > 0, 


Let Q be the centre of A, r be the radius of A, and Q” be the centre of A’ 

, , “J of A’. 
a= OQanda = OQ’. Then OQ meets A in points at distances a ie 
a-rfrom O. Therefore OO meets A’ in points at distances k*/(a + By 


I(a—r) from O. 
eA 


>, | MENSION AL THEOREMS FOR SCHOOLS 


3-Dl 
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1 k k 42. 
tO \ aes ae rion 12.1 
2\a sole as to produce a counterexample, 


ee fices ehn's tetrahedron ABCD, inscribed 


ees. der D ; 4 es. 
ene cons anit cube. If there were a midsphere | 
; in an would meet each face in its incircle. > 
k ‘stance from O to the image f (Q) of Q, then fore the incircles of the 4 faces would 
NE , 
(6; 
(e 


2 =, thed i 
: Ther airwise at the points where the 


pecans Ghia? = 1 aSinCe Ge 0. Therefore f(Q)  Q. O meet here touches the edges. The incircle of 
midSP ets BC at X. 


c me Says: 
11. Cross-ratios i cadius of the incircle be x = BX, 
Solution 11.1 es the length et i Pet are as cat 
. i i . nce SS = and =x 
In a complete quadrilateral the 4 lines a, b, c, d meet in 6 vertices A, B G show" Ps. Similarly, the incircle of BCD 
D, E, F, and the 3 diagonals p = EF, q = CD, r = AB meet in the 3 ka Beat Y, where CY = x. «.X # Y 
diagonal vertices P, Q, R ae a contradiction. Therefore ABCD has : 124 
| ast aia 
no midsphere as HENS 
solution 12.2 x ‘ 
; ‘;) Suppose the sums of opposite ed 
i) 2 (ii) es are equal. 
“efine the inline of that face to be the line 1 to the amet each face, 
Beer the intersections of the angle bisectors). Given a face We eee 
(wre - incentre and let JA, 1B, IC be the perpendiculars onto the ee woe the 
ue 4 7: \P and let 4, ZX, XY 
q oss \ Z , 
BSS a= XB os xc 
: b b= YC = YA 
Let x = (APBQ) c = ZA = ZB 
{ X a Cb NM 
= (CPDR), by projection from E 
ingctis The incircle of XYZ goes through A, B, C, with 
= (BPAQ), by projection from F centre I and radius JA = IB = IC’ Moreover | 
_ BPAQ a-b=(a+c)-(b+e)=y-x, + 
HOAP We claim that the incircle of XYT also goes z bs 
AP.BQ cs through C because, if 6= XT; 7=YTn ee is 3) 
a ( AQ Fa thenx +& =y+7 by hypothesis (i). ee 
1 6-1 = Jaa d eee. 
= -. Therefore C is where the incircle of XYT touches XY. Let II be nah mie | 
x LXY through C. Then II > CI because CJL XY. «le wii 
eae ek contains the inline of XYZ because the latter is 1 XYZ, and therefore LXY. RC. 
; Senet Similarly I] contains the inline of XYT. Hence the inlines of XYZ XYT 
But x # 1 because the 4 points are distinct. meet. Similarly the 4 inlines meet pairwise. But no 2 are coplanar. Therefore 


es OS all 4 are concurrent, at M say. Since M lies on the inline of XYZ it is 


84 
5 XY, YZ, ZX. Similarly M is equidistant fro 


‘distant from the edge 
equidistan here centre M and radius MA is the midsph 


6 edges. Therefore the sp 


XYZT touching all 6 edges. 
(ii) => (ili) Assume there exists a midsphere. 


eee T 
Let the midsphere touch XT, YT, ZT in A 
D, E, F. Then XB = XC = XD since they 
are all tangents from X to the midsphere. F 


Therefore the sphere cen 
the edges XZ, XY, XT orthogonally at 


tre X, radius XC, cuts N 
B, C, D. Similarly the sphere centre Y, radius 
YC, cuts the edges Ver 2) Yen, orthogonally 


\z 
C A 
at C, A, E. Therefore the 2 spheres touch at C. Y 


Similarly there exist spheres centred at Z, T such that the 4 spheres all touch 
each other at the 6 points where the midsphere touches the 6 edges. 


(ii) => (i) Assume there are 4 spheres centred at X, Y, Z, T all touching 
one another. Let rx, "y, "2 7 be their radii. Then 


XY = ry + ry and ZT = Vz + Ur 
PeNYe 2 0 elves aw te zene 


XZ + YT = XT + YZ, similarly. 


ii} 


Therefore the 3 sums of opposite edges are equal. O 


Solution 12.3 

If a 4-ring of spheres is interlockable then the t 
contact circle is orthogonal to the spheres by Theorem 
12.6, and so the centres of the spheres lie on the 


tangents to the contact circle at the contact points, and B 
hence lie in the plane of the contact circle. 
Given interlocking 4-rings, a, B let a, b denote their < 


contact circles and A, B the planes containing them. We 

have to show ALB. Invert in a contact point O on a. 

Then the two spheres touching at O become two parallel planes, and a 
becomes a line a’ perpendicular to those planes. Since A contains O, it 
inverts into itself, A = A’. Therefore A’ is the plane containing O adie 
Meanwhile inverts into a 4-ring 6" consisting of 4 equal spheres touchin 
the 2 planes, with contact circle b’ lying midway between the planes B 
inverts into the sphere B’ containing b’ and O, and a’ is a diameter of B 
pe it is 1b’ and goes through the centre of b’. Therefore A’ is 
Are: to B’. Therefore A 1 B, since inversion is conformal by Theorem 
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™M al] 
ere of 
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43. Areas of spheres and volumes of balls 85 


ion 1 . 
golut! cone of height h on a base B of 


be 4 
et ae Let C, be the section at height 
y the vertex. Then Se equals B 


x ue down by a factor j. 
2 


jia(;) a 


i) 
i} 


\ 


Solution 13.2 
volume of slice = 


a(r cos 0) d(r sin@) = 2(r cos0)r cos@ dg = ar’ cos*@, 
z: cos’ 6d@. 


ni2 
, volume of sphere = J us cos?6 do 


3 m2 
= 2ar f cos0(1 - sin? @)de 


= 2nr*[sin6 - 4 sin36] 7” 
= 2ar[1-4] 
=4nr.0 


14. Map projections 


Solution 14.1 

Central projection maps 
(g, -0) > (rcotd, 9), 
in polar coordinates. 


F 


S  rcoté 
Therefore the small rectangle at (, -0) ind 
(d9, d@) has sides ) induced by the small increments 


(r cos 6 dg, -r dé), 
and is mapped to the small rectangle 


(r cot 0 d@, d(r cot @)) = (r cot @ dd, -r cosec’ 6 dé). 


Therefore the horizontal sides are expanded by co , 
i sec 0, 
sides by cosec” 0, giving a ratio of cosec @. O : eS ei 
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Solution 14.2 
Stereographic projection maps (p, 0) — (2r tan(4 + $), ¢), in Polar 


coordinates. 
(¥+$) 


BE 


2r tan(} + §$) 


Therefore the small rectangle at (¢, @) induced by the smal] j; 
(d@, d@) has sides increments 
(r cos @ dg, r d0) 


and is mapped to the small rectangle 
(2rtan(¥ + $)dp,d(2rtan(Z + §))) = (2rtan(Z + §)dg, r sec?(z + 8) a) 


Now 


sin(z + %) = sin$ cos$ + cos} sin$ = +(cos$ + sing) 
cos(¥ + $) = cos$ cos} — sing sin$ = %(cos$ — sing). 


Therefore the horizontal multiplier is 


ec + sn 


2 tan(¥ + §) _ cos $—sin€ 
cos @ ~ cos? — sin?Z 
2 


~ (cos? — sim $F 
~(i~9. 


whick the same as the vertical melipher. 7 


15. Knoding 
Setutsom ESI ™ ne 
We have o> show that 2 knot K has code 3 if and only if ix cam be 3. colours 
ac 3 crossing thee tivially the overpass is the average of the underpass Be 
3 colors are Seed ar a crossing then one of 3 cases hold: O+ I= StmnadSy, 
i +2=O(mod3) oc 2+O=2 (mods, In cack case he overpass ik he 
average of the 2 emderpasses modulo 3. Therefore K bas code 3. es 

= & bes code 5 ee Ge bebelbers 5 2 Sooloemes. 0 Ee 
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golution 15, 6 
Pr pial. 


show the product of the trefoil 
ling the trefoil appropriately with he 
la knot all the same, Similarly shotesers 


-quare : 
sa are knot appropriately with the integers 
i the same. 


yy.) 
two cases Of the trefoil and 
f the other dozen cases beta have g 


solut jon 


The first 
In each © 


yntil oe , al y 
yation for the code P, which of course j. 
catisfied automatically (as can be deduced fro, 

provides a convenient check on the commas 


thus 
é 3+0=8(modp) — 
0 ??  -. 5 = O(modp) 
po a 
P= 3 
d 0+1=10(modp) 
SY ee -. 9 =O(modp) — 2 10, 
2 -p=3 x " e 


LU 
& 
TEN O+ 1 = 12 (maodp) 
uf” Y ) aS 
Y j p= 
es 


JAP. 
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=f ' 
: 8+1= -6 (mod) $o) *4=~12 (modp) 
3 BG. | 
25S fei) = 0 (mod p) | yy 4 pa 


+ p=30r 5 


5 yy 7+ 12 = 0(modp) (Se) 8 + 13 = 0(modp) 


( ey 
0 
NS 0 p=3or7. 


Solution 15.4 
Given any knot K, let a1, @2» °° a, be the arcs going round the knot, and 

c, be the crossings such that, for each i, c; is the front end of 
wed matrix M with rows corresponding to the crossings ¢, 


nding to the arcs 4j, such that 


1, if c; has underpass a; 


- _ | -2, if c; has overpass a; 
My = , 
i ' 0, otherwise. 


Define D by omitting the last row and column of M. Let ae | D\, the 
determinant of D. We claim that the codes of K are the prime factors of d. 


and columns correspO 


Example: the square knot 


C4 
a4 
ay C3 a3 
C1 
AS 
C2 
1 0 2 
1 0 
- 1 0 
Meee Di = ez Leet 
Oo =z 1 1 0. ae 
1 i 1 
Expanding by the first row, 
j vans 2 =2 ol 
Pes | e plone aaa, 


And 5 is indeed the code of the square knot, as we showed in Section 15. 


qHREEY a is 9.2 9) Ay 


“of the claim %9 
eo “6G that d is odd because mod 2 
if 
l L 3.40 
0 

0.1 1 

p=|: goes 
O20. cOomen 
a (9) Bd 


d = 1 (mod 2). Suppose p i 
therefore Te te ean ROE Glan 
cw th integers mod p. Let x; be the label on 4, and let hoose a labelling of 


x} 
x= oe 
Xn 
ition (2) of the labelling impli 
hen condition ( ng implies Mx = 
FO of M corresponds to a crossing, and multiplied ioe each 
€ labels on 


e 2 underpasses of that crossing, minus twice the | 
gubtracting %n from each label we can relabel so 
preserving condition (2). Let y be the (n ~ 1)-co} 
off the last term of x: 


ih on the Overpass, By 
ace Xn = 0, while still 
obtained by leaving 


x} 
: , and x i yy 
Xn = 1 0 


Let c be the (n — 1)-column consisting of the last 
pottom term. Let r be the last row of M. column 0 
D| c 


le 
: 


r 


< 
i] 


f M without its 


re Dy = 0 (mod p), since Mx = 0 (mod p). 
But y # 0(modp), by condition (1) of the labelling, so Dis singular (mod), 
RO e | D| = 0 (mod p). 

. dis a multiple of p. In other words p is a prime fact rie 
codes of K are prime factors of d. S ctor of d. Therefore the | 

Conversely let p be a prime factor of d. Thend = 0 (mod < a ae 
the columns of D are linearly dependent (mod p). In other woe eS 
a non-zero (n — 1)-column y of integers mod p such that Dy = 0 (mod 


y 


0 


ate M a ae Mx = 


Letx = 


yy, 
= Dy = 0 (modp). 


=|. Then ( D| c)x = (D\c) 
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ot M add to zero, sinoe 
P via ret, Theretire the rows af W 


®) 
Now {Ml = () pecans’ | ge the colutts 
qontains | jd a nd the goat of th 


Wavy depentee™™ 
ple 20) sine d WM nd. 
puyol (ple ) Pherelore! 


MY = 


‘Thevelinre | i a labelling at K satis in wanditions (1) and 
hat the cartes OF A ate recat 
number of codes, ° 


0 


iy a cate al A o have shown \ 
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